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The following is a summary of course material. Blue links lead to more
detail; red links lead back.
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vectors
“vector”  (versus “scalar”)
“component form” of a vector (in 2 or 3 dimensions)

vector operations and their properties

the standard bases The standard basis for R? is i = (1,0), j = (0, 1).
The standard basis for R® is i = (1,0,0), j = (0,1,0), k = (0,0, 1).

examples

point vs. vector

“length”  The length of a vector (x1,z5) € R? is \/2? + x3. The length of

a vector (z1,xs,x3) € R is \/a? + a3 + 3.
fact

“unit vector” A vector u is called a unit vector if [u| =1. f v#0isa

vector ﬁ is a unit vector in the same direction as v. The equation

v
v =|v|—
v
expresses v in terms of its length and direction.
“dot product” The dot product of v = (vy,v2), W = (wy,ws) € R? is
VW = VW1 + VaWs.
The dot product of v = (v, v9,v3), W = (wy, wy, w3) € R is

V- W = 01W] + VaWa + U3Ws3.

theorem If 0 € [0, 7) is the angle between two vectors v and w, then

v-w = |v||w|cosb.
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proof
properties of the dot product

“orthogonal” Two vectors v and w are said to be orthogonal if v-w = 0.
If v,w # 0, then this means that the angle between them is 7. (That is,
they are perpendicular.)

“parallel” Two vectors v and w are said to be parallel if v - w = |v||w|.
If v,w # 0, then this means that the angle between them is 0.

“scalar component” and “vector projection”  Suppose 6 € [0,7) is

the angle between two vectors v and w # 0. The scalar component of v in
the direction of w is

VW
comp,, Vv = |v|cos = ——.
W
The vector projection of v onto w is
_ ( ) W VW VW
proj,,v = (comp,v)— = w = w.
v Yolwl o w? ww
proposition  Suppose v,w # 0. Then
V= proj,v +(v—proj,v)
—— ———
parallel to w orthogonal to w
“cross product”  Suppose v = (vy,ve,v3), W = (wy,we,w3) € R? with

an angle of 6 between them. Then the cross product of v and w is defined
to be the vector x such that

e |x| = |v||w]|siné.
e x| vand x 1L w.

e v, w,Xx form a right-handed triple.

formula for the cross product
properties of the cross product

“triple scalar product”




points, lines, planes, spheres

In the following, consider p to be a fixed point, x to be a variable point,
and a, b, v, and n to be vectors.

line The line containing the point p in direction v has parametric equation

r(t) =p+tv,teR

note

plane The plane containing the point p and parallel to a and b has para-
metric equation

R(u,v) = p +ua+vb, (u,v) € R
The plane through p with normal vector n has equation
(x—p) n=0.
sphere The sphere with center ¢ and radius r has equation
Ix —c|=r.

The closed ball with the same center and radius is defined by |x —c| < r.
The open ball with the same center and radius is defined by |x —c¢| < 7.




point /vector-valued functions

“vector-valued function” A “vector-valued function” is a function whose
codomain is a vector space; that is, one whose values are vectors. Often is is
more profitable to think of it as a “point-valued” function, though mathe-
matically it is equivalent.

Suppose f(t) and ¢(t) are functions on an interval I C R, Then r(t) =
i+ g(t)j is a function I — R

Suppose f(t), g(t), h(t) are functions on an interval I C R, Then r(t) =
f)i+ g(t)j+ h(t)k is a function I — R3.

“limit”  We say that r(¢) has limit L at ¢, and write

%imr(t) =1L,
if
Ve > 036 > 0 such that [t — | < d = |r(t) — L| <e.

The definition of limit is equivalent to a description that is easier to check.
proposition  Suppose r(t) = (ri(f),...,m,(t)) is a function I — R"™ and
L= (Ly,...,L,). Then

limr(t) =L

t—c
)

limr(t) = Ly, ... ,%imrn(t) = L,.

t—c

proof

“continuous”  Suppose r(t) is a vector-valued function. We say that r(t)
is continuous at c if

limr(t) = r(c).

t—c

Concisely, (just as with scalar-valued functions) a functions is continuous at
¢ if the limit at ¢ equals the value at c.



“derivative”  The derivative of the vector-valued function r(t) is

dr . r(t+ AL) —x(t)

i Y
If r(t) = f(t)i+ g(t)j, then

dr df. dg,
/ _ e _ Y ay
v =g =t

If this exists (that is, if f and g have derivatives at t), we say that r(t) is
differentiable at ¢.
If r(t) = f(t)i+ g(t)j + h(t)k, then

dr df., dg. dh
/

Yy, Y9, Ny
"=ttt w

If this exists (that is, if f, g, and h have derivatives at t), we say that r(t) is
differentiable at t.

properties

“Indefinite integral” This is the set of all antiderivatives of r(t), denoted
[r(t)dt. If R is any antiderivative of r, then

where C is an arbitrary constant vector.

“definite integral” Let the notation be as above. Then




motion

position, velocity, speed, acceleration If the position of an object at
time ¢ is given by r(¢), then:

e the velocity of the object is v(t) = &,

e the speed of the object is |v(t)] = |%|.

e the acceleration is given by a(t) = Ccll—‘t' = %-

arc length and distance The length of a path r(¢),t € [a,b] is

/ab v (1)] d.

Equivalently, this is the distance traveled by an object whose position is given
by r(t). We write

t
s(t) = / e’ () du.
0
Note that % = |r/(t)|, the speed.

integral of scalar function over a curve We also define similarly the
integral of a scalar function f over a paramentric curve r.

/rfds

notes




the Frenet Frame

unit tangent vector
T=_"
M

So T is the direction of motion, while |v| is the speed.

curvature
dT

"7 as

1

vl

dT
dt

principal unit normal

dT/ds  dT/dt
N = =
[dT/ds|  |dT/dt]

So N is the direction of turning.

“osculating circle” The osculating circle is the circle tangent to a curve
with the same curvature and same N at the point of tangency.

“radius of curvature” The radius of curvature is the radius of the oscu-
lating circle. It is

p=-.
K

“unit binormal vector”
B=TxN

“Frenet Frame”  Since |T| is constant, then by construction N L T.
Again by construction (and the properties of the cross product), B L T
and B L N. The triple of vectors T, N, B form an orthogonal right-handed
system and are called the “Frenet Frame”.

“torsion” We define the “torsion” to be

dB
N
ds

T =

9



proposition For any moving particle,
a = CLTT + CLNN,

where at = £|v| and an = &|v[?.

proof
proposition
an = /|a|? — dk
proof
proposition
v X a|
vI[?
proof
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functions of several variables

“open ball” The “open ball” of radius r > 0 and center x, € R" is the
set
B(x¢p,7) ={x e R"} |x — x¢| <7}.

“interior point” A point X in a region R C R" is an “interior” point of
R if there is some € > 0 such that B[xg,¢) C R.

“boundary point” A point X in a region R C R" is a “boundary” point
of R if for any € > 0, B(Xo, €) intersects both R and R™\R.

“open”, “closed” A region is “open” if it contains none of its boundary
points. (Equivalently, all its points are interior points.) A region is “closed”
if it contains all of its boundary points.

“function of n variables” This is a function

f:U—-R
x — f(x),
where U C R", and x = (z1,...,,) being the “n variables”. This function
is often denoted just “f(zy,...x,)”.
“level surface”  Suppose we are given f(x;...,x,) as above, and ¢ € R.

Then the “level surface of level ¢” is the set {x € U } f(x) = ¢}. This is
called a “level curve” if n = 2.

“limit”  Suppose X is a boundary or interior point of the function f. We
say that f has “limit” L as x approaches xg if Ve > 0 30 > 0 such that

|x —xo| <d=|f(x)—L| <e.
We write

lim f(x)= L.

X—X0
“continuity” A function f(x) is “continuous at the point x if
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e f is defined at xq.
o lim, .., f(x) exists.

o lim, .., f(x)=f(zo).

“partial derivative” Let f(z1,...,x,) be a funtion of several variables.
Then the “partial derivative of f with respect to z; at the point (aq,...,a,)”
is

0 ) ay,...,a; +h,...,a,) — flay,...,a;...,a,
al{(al""’an):}llliil)f(l })L f(l )’

provided the limit exists.

Clairaut’s Theorem If f(z,y) and its partial derivatives f,, fy, fay, fya
are defined on an open region containing a point (a, b), and are all continuous
at (a,b), then

fwy(a’ b) = fyx(au b)'

proof

“gradient”  Suppose f(z1,...,x,) is a funtion of several variables. Then
the “gradient” of f is

Vf(:[l,...,%l):(ﬁ d—f)

dz,"" " dz,

Chain Rule Suppose f : R® — R is a function of several variables, and
u: R — R" is a point-valued function, then

d :
o fa®) = Vf(u) w().

formula for implicit differentiation Suppose that F(x,y) is differen-
tiable, and that F(x,y) = 0 defines y as a differentiable function of x. Then
at any point where F, # 0, we have

dy  F,

dv  F,
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proof

“directional derivative Let f:R"™ — R be function of several variables,
and let u € R” be a unit vector. Then define

Dufi) = i LI = 1)

“differentiable” A function f : R™ — R is differentiable at a if D, f(a)
exists for all unit vectors u € R".

theorem Let 6 be the angle between V f and unit vector u. Then
Dof =V f-u=|Vf|cosb.

proof

corollary V[ is normal to the level surface of f.

linear approximation Let U C R™ and f: U — R. The linear approxi-
mation to f at xq is

f(x) = f(%0) + Vf(x0) - (x = Xo).

proof
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extrema

proposition Let U C R" and f: U — R. If f has a local extremum at
the point a in the interior of U, and the gradient of a exists in neighborhood

of a, then Vf(a) = 0.

question What is the shortest distance from the point (2,0, —1) to the
plane 3z + 2y + z = 47

“local maximum” A function f(z,y) is said to have a local maximum
at (a,b) if f(a,b) > f(x,y) for all (z,y) near (a,b). (Precisely, this means
that there is a disc centered at (a,b) such that f(a,b) > f(z,y) for all (z,y)
in the disc.)

“local minimum” A function f(x,y) is said to have a local minimum
at (a,b) if f(a,b) < f(x,y) for all (z,y) near (a,b). (Precisely, this means
that there is a disc centered at (a, b) such that f(a,b) < f(x,y) for all (x,y)
in the disc.)

discussion

“critical point” Suppose that the function f(z,y) is such that V f(a, b)
is = 0 or does not exist. Then we say that (a, b) is a critical point for f.

We state our results so far in the following theorem.

theorem Suppose that f(z,y) has either a local maximum or local min-
imum at (a,b). Then (a,b) is a critical point of f(x,y).

caution
contrast with case of functions of one variable

“Hessian” Suppose the second partial derivatives of f(z,y) exist and
are continuous near (a,b) (on a disc centered at (a,b)). The Hessian at (a, b)
is defined to be

H(a,b) =fuz(a,b) fyy(a,b) — (fuy(a, b))?
:fxa?(a’ b)fyy(a’7 b) - (fyx(a7 b))27
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the two expressions being equal by Clairaut’s Theorem.
With the Hessian H(x,y) in hand, we can use the following test for f(z,y).

Second Derivative Test for 2-variable functions Suppose the sec-
ond partial derivatives of f(z,y) exist and are continuous near the critical
point (a,b). Then if

e H(a,b) >0 and f,.(a,b) > 0, then f has a local minimum at (a, b).
e H(a,b) >0 and f,.(a,b) <0, then f has a local maximum at (a,b).

e H(a,b) <0, then f has a saddle point at (a,b).

note

note

example

example

answer to question
problem

problem

What if we want to find the extrema of a function subject to one or more
constraints?

theorem: the method of “Lagrange multipliers” If the function f(x)
of n variables, subject to the constraints g;(x) =0, ..., gx(x) = 0, has a local
extremum at a, then at a,

Vf=MVg + -+ MV,

where A, ..., \; are real numbers. (The method of Lagrange Multipliers
gives us n + k equations in n + k£ unknowns. To solve these equations, which
are linear in A1, ..., A, it is usually easiest to eliminate A, ..., Ay first.)
proof
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double integrals
“double Riemann Sum”  Suppose the function f(z,y) is defined on the
rectangle D = [a,b] X [c,d]. Let

Ax:b_a,Ay:d_c,
m n

r; =a+iAx,y; = c+ jAy,

for
1=0,...,m,5=0,...n,

so that (a = xg, 21, ..., 2, = b) and (¢ = yo, ¥1, - - -, Yo = d) are partitions of
[a,b] and [c, d], respectively. This way, D is subdivided into rectangles
(i1, w] X [yi-1,95),
each of area AA = AxAy.
We choose any points
(x7y>;kj S [‘ri—lv‘ri] X [yj—hyj]v izlv"'ma .]:]-7n

Then the double Riemann Sum for f corresponding to this data is

Rm,n = Z Z f((l’, y);})AA

i=1 j=1

“double integral” Taking the limit as m,n — oo, we obtain the integral
of f(z,y) over D:

fjf(x,y)dA: lim R,
D

m,n— o0

n

= dim 33 f((y))aa

i=1 j=1

average value Suppose the function f is as before, and we want to find
its average value on the region D = [a,b] X [¢,d]. Then, to estimate this, we
subdivide the rectangle as before, and again choose sample points

(xvy);kj € [xi—lvxi] X [yj—l»yj]a Z: 1)"'ma ] = 17"'”?
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one in each sub-rectangle. Then we simply take the usual average of the
function’s values at these mn sample points:

> i1 2 [, y)h)
_ZZL Z?:1 f((@,y)};)AA
- mnAA
:Zzﬁil Z?:l f((z, y)fj)AA

(b—a)(d—c)

Taking the limit as m,n — oo, we obtain the average value of f on [a,b] x
e, d]:
. Jp fx,y)dA
M (b—a)(d—c)
properties of double integrals The following properties are obtained
directly from the definition of the double integral via double Riemann Sums:

° ff cf(z,y)dA = cjff(a:,y)dA
o [J(f@y) + 9@ y))dA= [[ fa.y)dA+ [[ gz y)dA

o f@,9) < glz.y) = [[ F.y)dA < ([ g(x,y)dA

Fubini’s Theorem

/cd /ab f(z,y)dzdy = ff flz,y)dA = /ab /cdf(l’,y)dyd:c

proof
discussion

double integral over more general region Suppose D is the region
bounded by x = a, z = b, y = ¢g1(x), and y = go(z). Then

JJ r-paa = A / (()) (. y)dyde
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Suppose instead that D is the region bounded by y = ¢, y = d, x = g1(y),
and = go(y). Then

g2(y)

JJ stapia - // £, y)dedy

g1(y)

polar Fubini’s Theorem Suppose
P = [a,8] x [0, 8] C [0,00) x R
is a region so that the function

T:P—R
(r,0) — (rcosf,rsinf)

is injective. Suppose f(z,y) is a function on the region T'(P) C R?, Then

jf f(x,y)dA = / T(r,0))rdrdd

[a.8] /[a, b]
= / f(T(r,0))rdidr.
fa.b] [,

proof

double integral in polar coordinates over more general region
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triple integrals

discussion  Suppose the function f(z,y,z) is defined on the block D =
la,b] x [¢,d] x [r,s]. Let

_b—a d—c s—r

for
1=0,....,¢, 7=0,...,m, k=0,...n,
so that
(a =z9,21,...,20=0), (¢c=Yo,Y1,-- -, Ym =4d), and (r=zp,21,...,2, = 8)

are partitions of [a, b], [c, d], and [r, s] respectively. This way, D is subdivided
into blocks
(i1, i) X [yj-1,95] X [2r-1, 2],

each of volume AV = AzAyAz.

We choose any points

($7y7z);{jk € [xi—laxi] X [yj—byj] X [Zk—lyzk]a
1=1,...¢, 7=1...m, k=1,...,n.
Then the triple Riemann Sum for f corresponding to this data is

l m n

Ré,m,n = Z Z Z f((l’, Y, Z):]k>AV

i=1 j=1 k=1

“triple integral” Taking the limit as ¢, m,n — oo, we obtain the integral
of f(z,y,z) over D:

flﬂ fe.y.2)dV =, lim  Rep,

y4 m n

= lim ZZf((%%Z)fjk)AV

£,m,n—0o0
i=1 j=1 k=1
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average value Suppose the function f is as before, and we want to find
its average value on the region D = [a,b] X [¢,d] x [r,s]. Then, to estimate
this, we subdivide the block as before, and again choose sample points

(@, 9, 2)ij1) € [Ti1, @] X [yj—1,95] X [21-1, 28],
1=1,...¢, 7=1,...m, k=1,...n

one in each sub-block. Then we simply take the usual average of the func-
tion’s values at these fmn sample points:

Zle Z;nzl ZZ:I f((l’, Y, Z):jk)
{,m,n
L X Y f (g, 2)5) AV
N ImnAV
:Ele 27;1 ZZ=1 f((z,y, Z);‘ij)AV
(b—a)(d—c)(s—T)

Taking the limit as m,n — oo, we obtain the average value of f on [a,b] x

[e,d] x [r, s]:
Np £y, 2)dv
(b—a)(d—c)(s—r)

properties of triple integrals The following properties are obtained
directly from the definition of the triple integral via triple Riemann Sums:

° jfj cf(x,y,z)dV = cjff f(z,y,2)dV
jff (x,y,2) + g(z,y,2))dV = ffffa:y, dV+fffgxy,
o f(z,y,2) < g(z,y,2) :‘fﬂfxy, dV<ngwy7

fav:

iterated integration

Hf fla,y,2)dV = /: /Cd/rsf(%y,Z)dzdydx
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proof

By symmetry (as with double integration) we could integrate with respect
to the 3 variables x,y, z in any order. The equality of the integrals with the
6 possible orders of integration would be a version of Fubini’s Theorem
for triple integrals. For brevity, we will not state it here.

triple integral over more general region Suppose D is the region
bounded by r=a,r= b) Y= gl(x)u Y= gQ(I)a = hl(x7y) and z = h2($,y)

Then
b rga(z)  pha(zy)
[Jf t@aia= [ [ [ oy, 2)dzdya
D a Jgi(z) Jhi(zy)
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polar coordinates

“polar plane” The polar plane represents points in the plane by pairs
(r,0). The coordinate r is called the “directed distance”, and 6 is called the
“directed angle”.

discussion
symmetry

“polar coordinates”  Polar coordinates consists of variables (r,0,z) €
[0, 00] x [0,27] x R, where, in terms of these coordinates, rectangular coor-
dinates are given by

{ r = rcost

y= rsinf

In the corresponding Reimann sums,
AA=~r Ar A6,

so that

“dA=rdrdf”|

in a triple integral.

relations between Cartesian and polar coordinates For Cartesian
coordinates (x,y) and polar coordinates (r, ), we have

area

arc length
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cylindrical and spherical coordinates

discussion Just as with rectangular and polar coordinates, there is more
than one way of choosing 3-dimensional coordinates, and corresponding ways
of expressing AV'.

“cylindrical coordinates”  Cylindrical coordinates expresses two of the
three dimensions in polar coordinates. Precisely, polar coordinates consists of
variables (r,0, z) € [0, 00] x [0, 27] X R, where, in terms of these coordinates,
rectangular coordinates are given by

T = rcosf
y= rsinf
z= z.

In the corresponding Reimann sums,

AV = r Ar Af Az,

so that
[“dV =rdrdfdz”
in a triple integral.
“spherical coordinates”  Spherical coordinates uses a radius in 3 di-

mensions and two angles identify the location of a point. Precisely, polar
coordinates consists of variables (p, ¢, ) € [0,00] x [0, 7] x [0, 27], where, in
terms of these coordinates, rectangular coordinates are given by

xr = psingcosb
y= psingsind
Z= pCcose.

In the corresponding Reimann sums,
AV =~ p*sing Ap Ap A8,
so that

“dV = p?sing dp dp df

in a triple integral.

note
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substitution

Jacobian determinant Suppose that D, EF C R”, and that T': D — F is
an bijective and differentiable function. Write y = T'(x). Then the “Jacobian
determinant” (or just “Jacobian”) is the determinant of the n x n matrix

whose (i, j) entry is 2% (x), written
J

J(x) = Oy _ Oy um) _ |(0yz (ml,...,mn)>

ox  O(xy,...x,) Jz; 4
Oy Oy . Gy
3361 81‘2 8xn
Qy2  Oy2 . Oy2
o1 Oz 0xn
= . . . (:L‘17 B l’n)
Oyn  Oyn .. Oyn
o1 Oz Oxn

substitution Suppose that D, E C R", and that

T:D—FE

XYy

is an bijective and differentiable function. If f(y) is a function on the domain
E, then, in the n-dimensional Riemann sums, we find that Ay, --- Ay, on
the domain E is corresponds approximately, under 7', to |J(x)|Azy - - - Az,
on the domain D. We arrive at the following equality:

/.../Ef(yl,...,yn)dm-"dyn

:/.../Df(T(xl,...,xn))|J(x1,...,:pn)|dx1---dxn.

A convenient way to remember this is

a(yla s 7yn)
o1, ...2p)

2

dry---dx,

“dyl .. dyn — ’
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example
example
example

example
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parametric curves and surfaces

“parametric curve” A “parametric curve” is a function

r:/ —-R"
t—r(t)

where I C R is an interval.

“scalar stretch” |r/|
“vector stretch” r’
“parametric surface” A parametric surface is a function

R:K—-R"
(u,v) — R(u,v)

where K C R? is a region.
“scalar stretch” |R, x R,|

“vector stretch” R, xR,

26



scalar functions and vector fields

“gscalar function” Recall that a scalar multivariable function is a function

f:D—R,
where D C R".
“vector field” A vector field is a function
F:D—R"
where D C R".
example
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new kinds of integrals

In order to formulate the Theorems of Green, Gauss, and Stokes, we need
to define some new kinds of integrals.

setting  All closed surfaces will be parametrized with an outward orienta-
tion unless stated otherwise. All simple closed curves will be parametrized
counter-clockwise unless stated otherwise.

Let W C R? be a region of space with boundary OW a closed surface.
Let K C R? be a region with boundary K a simple closed curve. Let I C R
be an interval.

Let

r: /] —R"

be a parametric curve and let
R: K —R"

be a parametric surface with boundary 0R = R(9K) a simple closed curve.
Write t for the unit direction vector of a curve. Write n be the outward-
pointing unit vector normal to a simple closed plane curve r. Write N for
the outward-pointing unit vector normal to a closed surface R.
Let f be a scalar function; let F be a vector field.

integral of scalar function over a curve

/rfds

“flow” of vector field along a curve

/F-tds

“circulation”

28



work

“Aux” of vector field across a curve on a surface

/F-nds

integral of scalar function over a surface

gfds

“flux” of vector field through a surface

LjF~NdS
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divergence and curl

“divergence” If F(x) = Fi(z,y,2)i+ Fs(z,y,2)j+ F3(x,y, 2)k is a vector
field, the “divergence” of F is the scalar function

oFy  0F, . OF3

divE = ox + dy 0z

note

“curl” If F(x) = Fi(z,y,2)i+ Fy(x,y, 2)j + F3(x,y, 2)k is a vector field,
the “curl” of F is the vector field
OF; OF. OF;  OF: OF, OF

3 2)i—|—( 1 5).+( 2 1)k

CUI‘IF = (8_y — W

ox dy

0z oz

note
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Green’s, Gauss’, and Stokes’ Theorems

Green’s Theorem

iKF-nds:l{fdideA

Green’s Theorem says roughly that the divergence of a vector field on a
planar region K is equal to the flux of the vector field across the boundary
0K of the region K.

Gauss’ Theorem

@F-Ndsz fﬂdidev
ow w

Gauss’ Theorem says roughly that the divergence of a vector field on a
region of space W is equal to the flux of the vector field across the boundary
OW of the region W.

Stokes’ Theorem

jlgRF-tds:{{jcurlF-NdS

Stokes” Theorem says roughly that the curl of a vector field on a surface
R is equal to the circulation of the vector field around the boundary 0R of
the surface R.

note If R is a region in the zy-plane, then N = k. The scalar stretch is 1
and the vector stretch is k.
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conservative vector fields

“potential function” If Vf(x) = F(x), then f is said to be a potential
function for F.

theorem Let D CR" andlet F: D — R™ be a vector field on D. Then
the following are equivalent.

e For every closed loop r in D,

%F-tds:().

e For any two paths ry : [ay,b;] — D and ry : [ag, by] — D with the same
endpoints (i.e. ri(a;) = re(az) and ri(by) = ry(be)), then

/F-tds:/F-tds

e The vector field F has a potential.

e The vector field F is “irrotational”; that is, curlF = 0.

proof

“conservative” vector field A vector field F satisfying the above criteria
is called a “conservative” vector field.

(©2009 Jason Colwell. All rights reserved.
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examples, proofs, and additional discussion
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examples This allows us to write
(2,-3,4) = 2i — 3j + 4k,

and
(0,1,—4) = j — 4k,

for example
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point vs. vector An element of R? or R? can be considered a point or

a vector. Just as with cardinal numbers and ordinal numbers, this is a case

where the same abstraction is used for two slightly different concepts.
Suppose P = p = (p1,p2) and @@ = q = (q1,¢2) are points. Then the

—

position vector equivalent to PQ is q — p = (¢1 — p1, 92 — p2)-
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fact (Here a is a scalar and v is a vector.)

jav] = lallv|
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proof  Apply the Law of Cosines to the vectors v and w, and use the above
fact. O
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properties of the dot product
e a-a=|al?
ea-b=>b-a
o (ka)-b=Fk(a-b)=a-(kb)
e (at+b)-c=a-c+b-c

ea-(b+c)=a-b+a-c
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formula for the cross product If v = (vy,v9,v3), W = (wy, wy, w3) € R,
then
V XW = (Ugwg — V3Wag, V3W1 — V1W3, VW3 — Ugwg).

This is sometimes written
i j k
VXW=| 11 vV V3 |,
w; W2 wWs

but we should remember that this is only a mnemonic device.
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properties of the cross product
eaxa=20
eaxb=-bxa

e (ka) x b =k(axb)=ax (kb)

(a+b)xc=axc+bxc

ax(b+c)=axb+axc
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note  The line through ry and r; has parametric equation
r(t)=(1—-t)ro+try, teR
The segment with endpoints rg and r; has parametric equation

r(t) = (1 —t)ro+try, t €[0,1]

41



“triple scalar product” The “triple scalar product” of vectors a, b, ¢ (in

that order) is
a-(bxc).

It gives the oriented volume of the parallelopiped spanned by the vectors
a,b,c. (By “oriented” we mean that if a, b, c form a right-handed system,
the triple scalar product will be positive; if a, b, ¢ form a left-handed system,
the triple scalar product will be negative.

note

I 1l

| o T o
O — —~

C_r.moo‘
T X X X
X Z -
V]

Il
|
®
)
X
=)
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proof  Suppose that
limr(t) = L.

t—c

Suppose we are given any € > 0. Choose 9 so that
[t —c] <d=|r(t) —L| <e
Then for i =1,...,n,
[t —c| <d=|ri(t)— L] <r(t) —L| <e.

We conclude that

t—c
fori=1,...,n.
Conversely, suppose that

t—c

for: = 1,...,n. Suppose we are given any € > 0. For each of : = 1,...,n,

choose 9; such that
€
vn

Let 6 = min{dy,...,d,}. Then

t =l < 8= [r(t) = L] = [V/ra(6) = L -+ (rall) — L)?

€ €
< _ )2 _ )2
\/ VLAY
=e.
We conclude that
}:im r(t) =L
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properties Let q and r be vector valued functions of ¢, ¢ a constant vector,
f a differentiable scalar function of £, and ¢ a constant scalar. Then

(
(

e (q-r)=d -r+q-r (Dot Product Rule).
(

qgxr) =dq xr+qxr (Cross Product Rule).

4q(f(t)) = f'(Od (f(t)) (Chain Rule).
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integral of scalar function over a curve

[ras= [ sewpra

note The length of the path r(t) is

/r1 ds = /ab|r'(t)| ds.
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notes

o If |r(¢)] is constant, then v(¢) L r(t).
(To see this, differentiate |r(¢)|* = r(t) - r(t).)

o If |v(t)| is constant, then a(t) L v(t).
(To see this, differentiate |[v(¢)|* = v(t) - v(t).)
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proof  We have

dv
a=—

dt

d
—— (T
it

_d2s
T de
_d2s
T ae

d?s

ds

7)
ds dT
dt dt

ds (dTds
dt \ ds dt

=—T+ @ (mN@>

dt dt

47



proof  This follows immediately from the preceding result.
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proof  Calculate

v x a] =|v X (arT + anN)|
=|v x arT + v x anN|
=0+ v x anN|
=|vllanN|
=|v|xlv]*

=k|v]>.

The result follows.
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discussion = Whereas the Cartesian plane consists of points uniquely rep-
resented by elements of R?, the “polar plane” consists of points non-uniquely
represented by elements of R?, subject to the equalities

(r,0) = (r,0 + 2m),

(r,0) = (—r,0 +m),

and

(0,0) = (0,0).
In technical language, the polar plane is the co-image of the function

R? — R?
(r,0) — (rcosf,rsinf).
The set of points {(r,0) | » > 0} coincides with the positive horizontal

axis {(x,0) } x > 0} in the Cartesian plane. The directed angle 6 is measured
counter-clockwise from this ray.
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symmetry A figure S in the polar plane is symmetric
e about the horizontal axis if (r,6) € S = (r,—60) € S.
e about the vertical axis if (r,0) € S = (r,m —60) € S.

e about the origin with n-fold rotational symmetry if
(r,0) e S=(r,0+2)es.
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area The area between the graph r = f(6) and the origin, between 6 = «
and 0 — 3 is
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arc length  The length of the graph r = f(6), a <0 < is

p dr\?
I = 2 — | db
/a m (d@)

The length of the graph 6 = f(r), a <r <bis

b 2
L:/ 1+7’2(ﬁ) dr.
a dr
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proof  Define the function

fla+h,b+j) — fla,b+j) — f(a+ h,b) + f(a,b)

A(h, ) =
(h,j) ¥

Then

fay(a,b) = lim lim A(h, )
= lim A(h,j
(h,7)—(0,0) (.3)
= lim lir% A(h,j) = fyz(a,b).

h—0j—

o4



proof  Consider y as a function of z and differentiate 0 = F(x,y) with
respect to z. Use the chain rule, according to the following diagram.

We have p 8F 9F g J
ay y
0=—F= =F,+F,—
dx or 8y dx + Ydx
dy _ I
dx E,
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proof Define the parametric curve r(h) = x + hu. Then

_fx+hu) - f(x)
Duf(x) = lim, h
o ) — F(0)

h—0 h
= )|
=V f(r(0)) - r'(0) by the Chain Rule
=Vf(x)-u
=|Vf(x)||u|cos b
=|V f(x)|cosb.
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x—
x—

proof  The vector giving the direction from x¢ to x is §8| Accordingly,

f(x) =f(x0) + (Dmf(xo)> |x — X

[x—xq]

=10+ (00) - 2220

|x — x|

=f(x0) + Vf(x0) - (x — x0).
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question What is the shortest distance from the point (2,0, —1) to the
plane 3x + 2y 4+ z = 47

first steps to a solution This shortest distance is going to be the dis-
tance from some point on the plane to (2,0, —1). Now the distance from any
point (z,y, z) to (2,0,—1) is

A=V =2+ =02+ (=~ (D)2

We want to minimize d, and d will be a minimum exactly when its square,

& =(x—-2°+ @y —0)7>+(z—(-1))

is a minimum. The expression for d? is much simpler for taking derivatives.
So we will try to find the point (z,y, z) on the plane such that d? is as small
as possible. (This is a common technique in optimization problems.)

Now, if (z,y, z) lies on the plane 3x 4+ 2y + z = 4, then z = 4 — 3z — 2y.
Substituting this into the expression for d? yields

(x — 2)2 +y? + (5—3x—2y)2,

a function of x and y that we will call f(z,y). Now we need to find the
minimum value of f(z,y).
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discussion Let us consider the situation, in general, of finding local max-
ima and minima of functions of two variables. Suppose that f(z,y) has a
local maximum at (a, b), and that both partial derivatives exist at (a, b). Let
g(x) = f(z,b) and h(y) = f(a,y), functions of one variable. Then g(x) has
a local maximum at a, and h(y) has a local maximum at b. From single-
variable calculus, we know that ¢’(a) = 0 and A'(b) = 0. But ¢'(a) = f.(a,b)
and A'(b) = g,(a,b). We conclude that if f(z,y) has a local maximum at
(a,b), then fy(a,b) = 0 and f,(a,b) = 0. Similarly, we can show that if
f(z,y) has a local minimum at (a,b), then f,(a,b) =0 and f,(a,b) = 0.
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caution This does not mean that every critical point is a local maximum
or minimum, but it does mean that such points are the only candidates for
a local maximum or minimum.
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contrast with case of functions of one variable At this point, after
identifying critical points, we would, if f were a function of one variable, use
the second derivative to try to discover whether the graph of f is concave
up or concave down at each critical point. But for a function f(z,y) of two
variables, the graph may be concave up as (z,y) varies along one line in R?
through the point (a,b), and concave down as (z,y) varies along another
such line. In this case (a, b) is called a “saddle point” of f, which is neither
a local maximum nor a local minimum. What we need first, therefore, is
something to tell us whether the graph curves the “same way” (concave up
or down) as (x,y) varies along every line in R? through (a, b).
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note If H(a,b) =0, the above test is inconclusive.
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note We could just as well use fy,(a,b) in the above test in place of

fez(a,b).
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example The function f(z,y) = x*+y*—2x+2y+2 has a local minimum
at (1,—1).
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example The function

fla,y) =a"—y*

has a saddle point at (0,0).
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answer to question Now let us return to the question with which we
started the discussion. We wish to find the miminum value of

flz,y) = (x —2)* + > + (5 — 3z — 2y)°.

We know that there is a closest point on the plane 3z + 2y + 2z = 4 to the
point (2,0, —1), so we are assured of f(z,y) having a minimum value at some
point (a,b). Also, this value will be smaller than the value of f(x,y) at any
other point near (a,b), so that f(x,y) will have a local minimum at (a,b).
So we can use our Second Derivative Test to look for this point.

We have:

fa(z,y) =2(x — 2) — 6(5 — 3z — 2y) = 20z + 12y — 34,

Fo(x,y) =2y — 4(5 — 3z — 2y) = 12z + 10y — 20,
fz(z,y) =20,

H(2,y) =faa(®,9) fyy(2,y) = (fry(,9))? = 20 - 10 — (12)* = 56.

We find one critical point (z,y) = (%,—1), at which H(z,y) > 0 and
25 1

Jea(w,y) > 0. So f(z,y) has a local minimum at ({7, —=).

Using the equation of the plane, 3x + 2y + 2z = 4, we find that the point

on the plane having these values of x and y is (%, —%, —%). This is the

point on the plane closest to the point (2,0, —1). The distance between the

14

(2,0,—1) to the plane 3x + 2y + 2z =4 is \/Lﬁ. O

two points is VAT \/Lﬂ. In conclusion, the desired distance from the point
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problem Find all local maxima, local minima, and saddle points of the
function

f(x,y) =4+ 4oy — ' — "

solution First of all, we have:
fe(,y) =4y — 42,
fo(,y) =4a — 4y,
fmz(xvy) = - 12'];27
H(ZL’, y) :fxx(xa y)fyy(mv y) - (fafy(xv y))g

=(—1227)(-12y%) — (4)
=1442%y* — 16.

We find exactly three critical points, at (0,0), (1,1), and (—1,—1). Since
H(0,0) = —16, f has a saddle point at (0,0). At the other two points,

H(z,y) = 128, and since f,.(z,y) = —12 at both points, we find that f(z,y)
has a local maximum at both points (1,1) and (=1, —1). O
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problem We wish to make a rectangular container, with open top, from
12m? of steel. How large can we make the volume of the container, and what
dimensions will give us that volume?

solution Let the length, width, and height of the box be x,y, z, respec-
tively, measured in meters. The volume of the box is then V' = zyz. Due to
the amount of steel available, we know that

20z 4+ 2yz + xy = 24.

We can express z in terms of x and y:

(24 — zy)

T 2wty

Consequently,
V= 1y (24 — zy) _ (24zy — x2y?)
2(x + ) 2(x +vy)
Now V(z,y) will be maximum at some point (z,y), and will clearly be defined
near this point. Therefore, V(z,y) will have a local maximum at this point,
so we can look for critical points and apply the Second Derivative Test. The

partial derivatives are

V. y*(12 - 2zy — 2®)
or 2(x +y)?

and
ov 22(12 — 22y — y?)

oy 2(z +y)?

The only critical point turns out to be (x,y) = (2,2). The Second Derivative
Test would show it to be a local maximum, but this would involve the quite
cumbersome calculations of the second partial derivatives. In this case the
easiest thing would be to note that there is a maximum, it is a local maximum,
and the only possible local maximum is when (z,y,z) = (2,2,1). These,
therefore, must be the optimal dimensions. So the largest we can make the
container is 4m3. O
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proof If S C R™ is the surface defined by ¢;(x) = 0,...,grx(x) = 0, and
a € S is the point where the extremum occurs, then the directional derivative
of f(x) at a in all directions tangent to S are 0. It follows that V f(a) is
orthogonal to S at a. Now the tangent space of S at a is the intersection of
the tangent spaces to the surfaces defined by each of g;(x) =0, ..., gx(x) =0,

which are the spaces Vgi(a)t,..., Vgr(x)*. This intersection is the space
spanned by Vg;(a),...,Vgr(a). Consequently, Vf(a) lies in the span of
Vo(a)..... Vay(x). .
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proof  Suppose we choose

91:2‘6 [.fi,l,xi], izl,...m,

y; € [%—1:%]7 j: 17n

and set

* * -
r;=x; j=1,...n,
* * -

(This way, all the points (zj;, y;;) are “aligned” vertically and horizontally.)
The double Riemann Sum for f corresponding to this data is

Rm,n = Z Z f(x:j’ y:(])AA

i=1 j=1
m n

=3 flay)AyAx

i=1 j=1

Taking the limit of R,,, as m,n — oo, we obtain

fff(x,y)dA: lim Ry,
D

m,n—00

= lm 37N f(aly)AyAr

i=1 j=1
= lim lim ZZf(xf,y}‘)AyAm
m— 00 N—00 i1 =1
= lim Z (hm Zf(xf,yj)Ay) Ax
m—oo Py n—o00 o
= lim Z ( (xf,y)dy) Az
m—o00 P [e,d]

=/ < f(x,y)dy) dx
[ab,b] ) [c.d]
[ iy
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This proves one of the equalities. The other is shown in exactly the same
way. ]
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discussion  Suppose the function f(z,y) is defined on the region D C
la,b] X [c,d]. Then we define a function f(z,y) on the rectangle [a, b] X [c, d]
by

~ f(z,y) if(z,y) €R
f(g”y):{o Y ey ¢ R

double integral over general region We define

[ ana= [[ o

[a,b] x[c,d]

special cases Suppose R is the region bounded by z = a, x = b, y = g1(x),
and y = go(), with ¢ < g1(x) < g2(7) < d. Then,

fla,y) = { flz,y) if gi(2) <y < go(w)

0 otherwise

In this case we have

Lfoy =[] Fz.yaa

[a,b] X [c,d]

//f y)dydx
_ / /gg() f(x, y)dydz.

The same argument with x and y switched shows that if R is the region
bounded by y = ¢, y = d, z = g1(y), and x = go(y), with a < ¢1(y) <

g2(y) < b, then
([ f@ypaa="|[[ Fflayd
R

[a,b] X [c,d]

_ / / Fa, y)dudy
/ / (o, y)dady.
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proof  We aim to construct a Riemann sum in polar coordinates (r, ). We
subdivide T'(P) into sub-regions as follows. Let
To —T1

Ar = CAp= 2
m n

and
ri =a+iAr, 0; =a+ jA0

Then P is sub-divided into regions
T([Ti_lﬂ“i] X [9]'_1 X Hj]), 7 = 1, o,y ] = 1, ..o, N
Choose points

( 0*) [ri_l,ri]x[ﬁj_lxﬁj], izl,...,m,jzl,...,n.

2]7 ij
Then, writing (z,y) = T'(r,6), we have

AA ~ (Ar) (¥2ﬁr> = r(Ar)(A).

™

The Riemann Sum is

n m

:ZZ (rij,0i5))1i; AT AL,

=1 i=1

which has the limit, as m,n — oo, of

jf flz,y)dA = / T(r,0))rdrdd

T(P) [a.b] b
:/ f(T(r,0))rdodr
ab] Jo.B
(the second equality coming from similar considerations). O
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double integral in polar coordinates over more general region As
with rectangular coordinates, suppose now that P is bounded by r = a,
r=">b,0=g/(r), and 0 = g3(r), where ¢1(r) < go(r). Then

H F(z,y)dA = / / F(T(r,0))rdodr.
T(P) [a,b] J[g1(r),92(7)]

On the other hand, if P is bounded by 6 = «, 0 = 3, r = g1(0), and
r = g2(0), where g;(0) < g2(6), then

f(l', )dA:
e |

/ F(T(r, 0))rdrdo.
o8] J[g1(6),92(8)]
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proof  Suppose we choose

.CC:G [:Ci,l,:cl-], ’lzl,g,

y; € lyji-,yl, i=1,...m
zn € [zk—1, 26, k=1,...n
and set
v =x; i=1,...¢,
Yk =Y; J=1,...m.
=2 k=1,...n

(This way, all the points (7, ¥jjx, 2ij,) are “aligned” in all three dimensions.)
3 Then the triple Riemann Sum for f corresponding to this data is

0 m n

Romn=>_ > Y f(a}.y}. z1)AzAyAx.

i=1 j=1 k=1
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Taking the limit as ¢, m,n — oo, we obtain

JIf 2 =, i
l m n

= lim 3NN (el 5) Az Ay A
o i=1 j=1 k=1
?

= lim lim lim Z f(@i, v, 2) AzAyAx

i=1 j=1 k=1
14 m n
i=1 j=1 k=1
14 m
:ghm ( lim Z (/ [, y5, z)dz> Ay) Ax
—00 - m—o00 — [r,s

> /[ Sy z)dz> dy> Ax
:/[a’b] (/{Qd] ( » f(a:,y,z)dz) dy) dx
:/ab/cd/rsf(x,y, Vdzdydz

By symmetry (as with double integration) we could integrate with respect
to the 3 variables x,y, z in any order. The equality of the integrals with the
6 possible orders of integration would be a version of Fubini’s Theorem
for triple integrals. For brevity, we will not state it here.
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note The conversion from cylindrical to spherical coordinates is given by

r= psine
0= 0
Z = pcose.

In the corresponding Reimann sums,
rArAAz = AV ~ p? sin p ApA@pAG,

so that

“drdfdz = pdpdpdd”

in a triple integral.
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example In changing from rectangular to polar coordinates,

78



example In changing from rectangular to cylindrical coordinates,
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example In changing from rectangular to spherical coordinates,

‘ d(z,y,2)

22D 2in o,
o(p,.0) Y
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example In changing from cylindrical to spherical coordinates,

‘ 209 _

d(p,p,0)
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example The gradient V f of a multivariable function f is a vector field.
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integral of scalar function over a curve

[ras= [ sawrio
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“flow” of vector field along a curve

/rF b ds = /abF(r(t)) (1)t
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“circulation”  Suppose that r : [a,b] — D C R? is a closed loop — that is,
such that r(a) = r(b) — parametrized counter-clockwise. Suppose F : D — R?
is a vector field. Then

7€F Ctds — /abF(r(t)) (1)t

is called the “circulation” of F around r.
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work  The work done by a force field F on a particle whose position is

given by r is
W:/F~tds.

86



“flux” of vector field across a curve

b
/F-n@:i/PVnW@Nﬁ

formula for flux across a closed curve Suppose that r = r{i + ryj :
la,b] — D C R?is a closed loop — that is, such that r(a) = r(b) — parametrized
counter-clockwise. Then

T A@ienmi
() =0 <k = o = ) w0

is the outward-pointing normal, so that the flux is

%En%zl%ﬂ@yMMﬂMﬁ:K%V%ﬁﬂMt
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integral of scalar function over a surface

Hf s = ﬂ f(R(u,v))|Ry x Ry|dudyv

R
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“flux” of vector field through a surface

ﬂF N dS = j j F(R(u,v)) - (Ry x Ry)dudv
R D
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note This is sometimes remembered by the convenient (though imprecise)
notation “V-F”. If F is a 2-dimensional vector field in the plane, we simply
construct a 3rd dimension and let F3 = 0.
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note This is sometimes remembered by the convenient (though imprecise)
notation “V x F”. If F is a 2-dimensional vector field in the plane, we simply
construct a 3rd dimension and let F5 = 0.
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proof  We prove that the four statements are equivalent in four steps: we

prove that the first implies the second, that the second implies the third, that

the third implies the fourth, and finally, that the fourth implies the first.
Assume that the first statement is true. Suppose

ry:la;, by — D
and
| [(Ig,bg] — D
are two paths with the same endpoints (i.e. ri(a;) = ra(az) and rq(az) =
ro(by)). Construct
c:[-1,1]—=D
PN r (bl—Ft(bl —Gl)) ift e [—1,0]
Iro (bQ + t(ag — bg)) ift € [O, 1],

the path ry followed by the reverse of ry. Then

/F-ds—/F-ds—/F-ds—O

since c is a closed path. Thus the second statement is true.

Now assume that the second statement is true. Fix xo € D. For any
x € D, define

f(x) :/F-tds,
where r : [a,b] — D is any curve with r(a) = xo and r(b) = x. (This is well-

defined since the integral does not depend on our choice of r, by assumption.)
Let x € D. Let u be any unit vector. Choose r : [a,b+ ¢] — D such that
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r(a) = xp, r(b) = x, and r'(b) = u. Then
Vf(x) - u=Vf(r(b)) r'(b)
d
= L pe+ )
(by the Chain Rule)

d </b+h )
= — F-tdt
dh \ J, he0

(since r|[q 41 is a path from xq to r(b+ h))
=F(r(b+0))-t(b+0)
(by the Fundamental Theorem Of Calculus)

h=0

Since this is true for any unit vector u, we conclude that V f(x) = F(x), so
that f is a potential for the vector field F. Thus the third statement is true.

Now assume that the third statement is true. Let f be a potential for the
vector field F. Direct application of the definitions of V and curl show that

curlF = curl(Vf) = 0.

Thus the fourth statment is true.
Now assume that the fourth statement is true. Let r be a simple closed
loop in D. Let R C D be a surface such that OR = r. Then by Stokes’

Theorem,

fiF-tds:ngF-tds:LfcurlF-NdSzLjO-NdS:O.

Thus the first statement is true.
We have shown that the four statements are equivalent. O]
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