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basic concepts

“population”  The population is the set of things examined to collect the
data. The number of these things is called n.

“random variable” A random variable X is an attribute measured for
each of the n members of the population.

notation We shall use italic lower-case letters to indicate variables taking
a single value (e.g. 7, s), and italic upper-case letters to denote random
variables (which take multiple values) (e.g. X, S).

“distribution” A distribution consists of the values, of a random variable
X, obtained from the population. It is a collection of n numbers, one for
each member of the population. (A number in a distribution may occur more
than once.)

examples

“frequency table”  Sometimes, a distribution is given, not as a list of
values of the random variable X, but in terms of the frequencies of certain
values of the random variable (that is, frequencies of the various numbers
appearing in the distribution). We often use the notation where the dis-
tribution consists of values X = xq,xs,..., 7, with respective frequencies

flaf2a---afk-

example




graphs

“line graph”  This depicts a distribution written as a list, as place in the
list (on the horizontal axis) versus value of the random variable Y (on the
vertical axis). Often the list is in chronological order.

“bar graph” This depicts values of a discrete random variable X versus
frequency in the distribution (or percent of the distribution). In other words,
it is a plot of a frequency table.

“histogram” A “histogram” depicts specified intervals of a continuous
random variable X versus frequency in the distribution (or percent of the
distribution).

“scatterplot” A “scatterplot depicts the value of one random variable X
versus the value of another random variable Y for a single population. There
is one point for each member of the population, with coordinates (X,Y).




measures of central tendency

The three measures of central tendency we will consider are the mode,
the median, and the mean.

“mode”  This is most frequently occurring number in the distribution.

“median” If the distribution is listed from smallest to largest, the median
is the number at the “middle” place in the list; that is:

median= ("Tﬂ)th number in the list

If n is even, the median will be the average of two entries. For example, if
n = 14, then ”T“ = LZH = 7.5, and the median is the average of the 7th and
8th numbers in the list.
“mean” The mean is the sum of all numbers in the distribution, divided
by the size of the distribution (which is also the size of the population). This
can be written

X

T = ,
n

where X is the random variable and n is the size of the distribution (and of
the population).

Suppose the distribution is given by the frequencies of certain values of
the random variable (that is, frequencies of the various numbers appearing
in the distribution). If the distribution consists of values z1, zs, . .., x, with
respective frequencies fi, fo, ..., fr, then the mean of the distribution is

> fi |

T =

example
linearly transformed random variables

Simpson’s Paradox provides motivation for the following concept.



“weighted mean” Let Xq, Xs,..., X} berandom variables, with “weights”
Wy, Wa, . .. wy (that is, numbers such that 0 < wy,ws, ... w, < 1 and wy +
wy + -+ +wy = 1.) Then the weighted mean of the n random variables is

k
711, = w1X1 —|—w2X2 S +kak = szXl .
i=1

The weighted mean is used often to calculate an “average” of things that
have different significance, like assignment and test scores within a course.
The weighted mean also provides a
resolution of Simpson’s Paradox.




measures of dispersion

The two measures of dispersion we will consider are the range and the
standard deviation.

“range” The range of a distrbution is the highest number minus the lowest
number.

rangey = highest value of X — lowest value of X

“variance”  The average squared deviation from the mean is called the
“variance”. The variance of a distribution is

(X -7

vary = =—— |,
n
as written for a list, and
)2
(x; — @
e S b=
> fi

as written for a frequency table.
discussion

“standard deviation” The standard deviation of a distribution is the
square-root of the variance:

S = 4y/Vary |.

note As a result of the definition of s, the variance of X is often written

5%,

example

linearly transformed random variables




other measures of descriptive statistics

“skew” The “skew” of a distribution is

sons = (BET) ] [ = (Y [

as written for a list and for a frequency table, respectively.

A distribution is said to be “skewed” if the skew is > 0 or < 0. If
the distribution is “positively skewed”, the values are clustered toward
the lower end. If the distribution is “negatively skewed”, the values are
clustered at the upper end. In a positively skewed distribution, the mean
is usually higher than the median. In a negatively skewed distribution, the
mean is usually lower than the median.
counter-example

example
linearly transformed random variables

“kurtosis” The “kurtosis” of a distribution is

as written for a list and for a frequency table, respectively.

The kurtosis is always > 0. It measures the “peakedness” of the distri-
bution. A distribution is described as “mesokurtic” if it has kurtosis 3 (or
close to it). A distribution with a low kurtosis is “leptokurtic” — bunched
up around the mean. A distribution with a high kurtosis is “platykurtic”
— spread out more over the range (relative to the dispersion).

example

linearly transformed random variables




the Standard Normal distribution

“z-score”  Suppose X is a random variable with mean Z and standard
deviation s. Then the random variable

is called the “z-score”. No matter what the mean and standard deviation of
X are, the mean of Z is 0 and the standard deviation of Z is 1.
reason

There is a particular shape to which many z-score distributions conform.
The reason for this will be discussed later, but we introduce this shape now.
“Standard Normal” random variable A random variable Z is said to
be “Standard Normal” if the graph of its distribution is given by

1 2
Z)= ——e 772,
12 Vor
A random variable X is said to be “Normal” if its z-score Z = £=Z is a

Standard Normal random variable. ’

facts Suppose Z is a Standard Normal random variable. Then:

e the total area under the curve giving the distribution of Z is 1. (Think
of the region under the curve as representing 100% of the population.)

e by the symmetry of the Standard Normal distribution,
P(Z<0)=P(Z>0)=0.5.
Equivalently, the median of Z is 0.

e Z = 0. (This, also, results from the symmetry of the Standard Normal
distribution.)

e s;=1.



e skewy = 0. (This is because the distribution is symmetric about the
mean.)

e kurty = 3. (This is why 3 is considered the “normal amount” of kur-
tosis, and a distribution with kurtosis 3 is called “mesokurtic”.)

“percentile rank” The “percentile rank” of a value of the random vari-
able is the percentage of the population that has values of the random vari-
able below that number. That is, if x has percentile rank n, this means that
X < z for n% of the population, and X > x for (100 — n)% of the popula-
tion. In this course, we will discuss finding percentile ranks only for Normal
distributions.

“percentile” The “nth percentile” is the number such that n% of the
population has values of the random variable below that number, and (100 —
n)% of the population has values above that number. That is, n% of the
distribution is below the nth percentile, and (100 — n)% of the distribution
is above it. In this course, we will discuss finding percentiles (other than the
50th percentile — the median) only for Normal distributions.

the usefulness of the Standard Normal distribution

proportions for the Standard Normal distribution This is the table
giving, for z > 0 a value of the Standard Normal variable Z, the proportion

P(Z > z)

of the population having values of Z greater than z (the area under the
Standard Normal curve to the right of z).

specific cases of proportion of population
specific cases of percentile
example

example
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correlation

Sometimes we wish to consider, for a given population, two different ran-
dom variables X and Y. For example, X might be the height of residents
of Franklin Springs, and Y might be the weights of residents of Franklin
Springs. Note that the population is the same for X and Y.

“scatterplot” To each member of the population is associated a pair
(x,y), where X = z and Y = y for that member. The set of all such pairs,
depicted on the (X, Y)-plane, is called a “scatterplot”.

“covariance” Supoose X and Y are two random variables for the same
population. The covariance of X and Y is defined to be

SX—n -9

n

COVxy =

linearly transformed random variables, etc.
note

“correlation coefficient” Suppose X and Y are two random variables
for the same population. The “correlation coefficient” of X and Y is

COVxy
COITxy = .

SXSy

meaning

example

linearly transformed random variables, etc.
correlation coefficient and z-score

limitations One must be aware of the limitations of what one can conclude
from the correlation coefficient.

11



regression and prediction

linear regression Ideally, if all the points in a scatterplot lay on a
straight line, we could find the equation y = max + b for the line, and thus
have a precise description for the relationship between X and Y. (That is,
Y =mX +0.)

In most situations, though, the points in a scatterplot do not lie on a line.
We may still wish to find the best linear approximation for the relationship
between between X and Y. That is, we want to find the line such that the
points of the scatterplot are as close to it as possible. Put another way, we
want to find m and b such that the random variable Y/ = mX + b has values
as close as possible to the values of Y.

What do we mean, “as close as possible”? Precisely, we want to minimize

d ' -v)3|

That is, we want to make the sum of the squares of the differences between
the values of Y and Y’, as small as possible. If Y = mX + b is found so
that > (Y’ — Y)? is as small as possible, then the line y = mx + b is called
the “regression line of Y on X”. In other words, the regression line is the
line such that the sum of the squares of the vertical distances from the the
points of the scatterplot to the line, is minimized.

Suppose that we are interested in finding values of Y for a population,
but that it is much easier to measure X. The regression line of ¥ on X
(based on past observation) would allow us to estimate values of Y based on
values of X. We would use the estimation Y ~ Y’ =mX + b.

calculation  This provides justification for the formula for the regression
line, but does not need to be memorized.

formula for the regression line Suppose X and Y are random variables
for the same population. The regression line of Y on X is given by

_ Sy —
y—y=corrxy—(z —7T)|
Sx

example
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hypothesis testing

Suppose X is a random variable for a large population — too large for us
to find the value of X for every member of the population.

“null hypothesis” The “null hypothesis” is a statement

Hol f:_o

that the mean of X has a particular value 7,. We want to try to provide
evidence against the null hypothesis.

note

“sample” A sample consists of n randomly selected individuals from the
population.

“sample mean” The “sample mean” has essentially the same formula as
the population mean. It is

~ X ~ iTi
o oX| [T
as written for a list and for a frequency table, respectively. It is the mean of

all the values of X for the members of the sample. The sample mean is itself
a random variable.

note
note

how to reject Hy, We gather data by taking a sample of the population,
and provide evidence against Hy as follows.

We suppose that Hy is true. We observe that the sample mean X for our
sample differs from the value Ty claimed by Hy.

Then we show (under the assumption that Hy is true) that we were un-
likely to get a sample whose value of X was as far from T, as ours was.

13



But since we did in fact did get a sample with this value of X, the evidence
suggests that our supposition Hy was false.

“confidence” and “significance” We have in mind how “extreme” (that
is — how much X differs from Z;) our sample has to be, for us to reject Hy.
This is specified by a number a (the Greek letter “alpha”), called the “level
of significance”. The number « is between 0 and 1, normally close to 0.
Common values for a are 0.1 (10%), 0.05 (5%), and 0.01 (1%).

If we find (assuming Hy) that the probability of getting a sample as ex-
treme as the one we did is less than «, then we say that we can reject Hy “at
the «a significance level”. Another way of saying this is that we reject Hy
“with 1 — o confidence”. (For example, if « = 0.05 (5%), we would reject
the null hypothesis Hy “with 95% confidence”.)

Because of the following ramarkable fact, we assume that the random
variable X is Normal.
Central Limit Theorem

statistical inference about 7 when s is known Specifically, we sup-
pose that Hy is true, and that 7 has a particular value Ty. Since X is assumed
to be normal, we use the z-score of X — a Standard Normal random variable
— to measure how the sample differs from what the null hypothesis Hy would
predict.

X -
s/v/n

Then we calculate the probability of obtaining a value of Z equal to (or
more extreme than) the one we actually obtained from our sample. If this
probability is < «, then we can assert the alternative hypothesis with a
confidence of 1 — a.

7 —

example (“left-tailed” test)
example (“right-tailed” test)
“one-tailed”, “two-tailed”
example (two-tailed test)

critical values for the Standard Normal distribution

14



“sample variance”

“sample standard deviation” The “sample standard deviation” of X
is

n—1 [ |7~ S H-1 |

as written for a list and for a frequency table, respectively.

statistical inference about 7 when s is unknown The same procedure
is used, except that we cannot calculate the z-score because we do not know
s, but only S. We perform the same calculation that we would use to find
7, except that S is used in place of s. The resulting number is called the
t-score:

X — 7T
S/\/n
Since S is a random variable instead of a constant, 7" is not Standard Normal
like Z. The t-score T has a distribution known as a “Student distribution”.

There is a different Student distribution for each value of the parameter
df =n — 1, the “degrees of freedom”.

T =

critical values for the Student distribution
example (left-tailed test)

example (right-tailed test)

example (two-tailed test)

t-scores vs. z-scores

It is important to understand hypothesis testing from both the abstract
and the procedural points of view. We summarize each to conclude the
section.

abstract summary of hypothesis testing

procedural summary of hypothesis testing

15
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examples, proofs, and additional discussion

The following pages contain more detail on various items in the main
text.

17



order of operations Expressions inside parentheses are evaluated first.
The default order of operations is: first, exponentiation; second, multiplica-
tion and division; third, addition and subtraction.

18



summation notation The expression

d X

means the sum of all values of X. Exactly what these values are should be
clear from the context. Sometimes we wish to specify more precisely the set
of numbers to be added. For examples, the expression

>

=1
means
12 422 4+ 3% + 42 + 5%

and the expression

4
V1+i2
1=2

means

V1I+224+V1+32+V1+ 42

If the range of values of 7 to be used is clear, we may simply write
2.7

Z V1+ 2

or

19



discrete and continuous scales A “discrete” scale of measurement is
one where there are values between which no other values lie. For example, if
we are considering the ranking of teams in the American League, then there
is no ranking between 2nd and 3rd. (This is a discrete scale.) Or, if we are
finding the number of pets owned by residents of Franklin Springs, there is
no possible number of pets between 3 and 4.

By contrast, a “continuous” scale is one where values might be as close
together as we want. For example, if we are measuring the weights of players
on American League teams, there is no minimum gap between the measure-
ments (as there is with team rankings). Or, if we are finding the heights of
residents of Franklin Springs, there is no limit on how close to each other
those measurements might be.

20



examples

1.  Suppose we were discussing the heights of players on the Lady Lions
basketball team. Then the population would be the Lady Lions basketball
team, the random variable would be height, and the distribution would be a
collection of numbers — the measurements of the players’ heights.

2.  Suppose we were discussing the lengths of pet cats in Royston. Then
the population would be the set of pet cats in Royston, the random variable
would be length, and the distribution would be a collection of numbers — the
measurements of the cats’ lengths.

3. Suppose we were discussing the annual rainfall in Georgia over the
past 10 years. Then the population would be the last 10 years, the random
variable would be annual rainfall, and the distribution would be a collection
of 10 numbers — the measurements of the annual rainfall for the last 10 years
in Georgia.

21



example The following frequency table is another way of writing the dis-
tribution
X:-2,-2-1,-1,-1,0,0,1,2,2,2,2,3, 3.

zl2[-1]0[1]2]3
Al 213]2]1]4]2

note The distribution could just as well have been written
X:-1,-2-1,3,-1,0,1,2,2,0,2,3,2, 2.

The frequency table would be the same.

22



example Consider this distribution:
X:1,5,2,1,2,1

It could also be written like this:

321

The mode of X is 1. This can be seen from the list — that 1 occurs more
than any other number — or from the frequency table by noticing that 3 is
the highest frequency f;, and that the value x; of X occurring that many
times is 1.

As for the median of X, we calculate

n—|—1_6—|—1_
2 2

3.5.

The median is the “3.5th” number in the distribution (listed in increasing
order 1,1,1,2,2,5), which is the average of the 3rd and 4th numbers, % =
1.5. (This can also be seen from the frequency table.)

The mean of X is calculated
X 14542414241 12

2 _9
n 6 6

g

from the list, or

S he @U@+ ME) 12
>/ 3+2+1 6

T =

from the frequency table.

23



linearly transformed random variables Suppose X is a random vari-
able with mean 7, and a, b are constants. Then

V=a+X
and
W =bX

are random variables with respective means
v=a+7T

and
w = bzx.

That is, if a certain number a is added to all the numbers in a distribution,
then the mean is increased by that certain number. Similarly, if all the
numbers in a distribution are multiplied by a certain number b, then the
mean is multiplied by that certain number.

24



Simpson’s Paradox

In the 1995 baseball season, Derek Jeter had a batting average of .250,
while David Justice had a batting average of .253. In the 1996 season, Jeter
batted .314, while Justice batted .321. Could we conclude that when compar-
ing combined batting averages for the 1995 and 1996 seasons, Justice would
have a higher average than Jeter?

H Derek Jeter ‘ David Justice ‘

1995 .250 253
1996 314 321
combined 310 270

Surprisingly, Jeter has the higher average for the two seasons combined.
The following more detailed chart shows why.

H Derek Jeter ‘ David Justice ‘

4
1995 1%33 = .250 % = 253
1996 85— 314 2 =321
combined % = .310 % = .270

25




resolution of Simpson’s Paradox. The weighted mean also provides a
resolution of Simpson’s Paradox. To see this, note that in the combined two
seasons, Derek Jeter had

48
—— =0.0761
48 + 582 0.07619
of his at-bats in 1995, and
582
—— = 0.92381
48 + 582

of them in 1996. So to calculate a reasonable combined average, the batting
averages for the two halves should be weighted accordingly:

wy = 0.07619, 1wy = 0.92381
Then, the weighted average for Jeter is
X = w1 X +we Xy = (0.07619)(0.250) + (0.92381)(0.314) = 0.310.

For David Justice, the weights used should be:

411 140
0745917 2 0.254083
YT T+ 140 C 2T T 1140

Justice’s weighted average is
X = wi X; +we Xy = (0.745917)(0.253) + (0.254083)(0.321) = 0.270.

These calculations yield the accurate averages for the two seasons combined.
The reason that Jeter can have a greater combined batting average than
Justice is that the combined averages are calculated from the season averages
using different weights. Both players do better in 1996, and that season
average is weighted higher for Jeter than for Justice.

26



discussion

To measure the dispersion of the distribution more precisely than the
range does, we wish to take into consideration every value, not just the
highest and lowest. If we chose some p which was some “middle” number for
the distribution, then we could measure the deviation x; — p of each value
x; of the random variable. We could square each deviation (which for one
thing would give all positive numbers) and take the average of the squared

deviations
(X —p)? _ Zle filzi — p)?
n Zf:1 fz ‘
We may wonder which p we should use. We want to have a p that is “as

close to all the numbers as possible”. Precisely, we want to choose p so as to
minimize the total squared deviation

The expression to be minimized is a quadratic expression in the variable
p. The graph of ¢ = > (X — p)? on the (p, q)-plane is a parabola opening
upward. The minimum value of the expression occurs at the vertex of the
parabola, at which p = .

This tells us that the sum of the squared deviations is the least about the
mean. That is,

is a minimum when p = 7, the mean.
In other words, the expression for the variance would not be made smaller
if T were replaced with any other number.

27



example Consider this distribution:
X:1,5,2,1,2,1

It could also be written like this:

fil3l211

The range of X is 5 — 1 =4.
To calculate the standard deviation s, we must calculate the mean 7 first.
It is calculated to be
T =2.

The standard deviation of X is calculated

gy X )
:\/(1—2)2+(5—2)2+(2—2)2+(1—2)2+(2—2)2+(1—2)2
6
_\/(—1)2 + (32 + (02 + (=1)* +(0)> + (1)
6
:\/1+9+0+1+0+1
6
12
V6
=2

28



from the list, or

5 — > filxi —@)?
VX

_ 2B3)0 =22+ (2)2 -2+ 1) - 2)°
3+2+1
:¢ZX@04V+4%®V+(UBP
6

%ZX@U%+@X®+%U@)
6
12

2

=2

from the frequency table.
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linearly transformed random variables Suppose X is a random vari-
able with standard deviation s, and a, b are constants. Then

V=a+X
and
W =bX

are random variables with respective standard deviations
Sy = Sa4x = S

and
Sw — Spx — bs.

That is, if a certain number a is added to all the numbers in a distribution,
then the standard deviation is unchanged. If all the numbers in a distribu-
tion are multiplied by a certain number b, then the standard deviation is
multiplied by that certain number.

30



counter-example However, this is not always the case. Consider
X: -2-2,-201,1,1,3.

The mean is 0 and the median is 0.5, but the skew is positive.

31



example Consider this distribution:
X:1,5,2,1,2,1

It could also be written like this:
fill312]1

To calculate the skew of X, we must calculate the mean T and the stan-
dard deviation s first. We calculate

T =2

and

s =2

The skew of s of X is calculated

skewy = (Z<X——E)3> / 3

(1—2)3+(5—2)3+(2—2)3+(1—2)3+(2—2)3+(1—2)3>/(\@3

32



from the list, or

skewx = > filei —T)° 3
_ <(3)(1Zj;)3+()2<22)3+(1)(52)3 /)
_< 3+2+1 3)/( 2)
_ ((3)(1)+(2%(0)+(1)(27))/<\/§>
-(5)/ (%)

from the frequency table.
note To calculate whether skewy is positive or negative, we need not
perform the entire calculation above. The sign of skew y is the same as that

of
d (X =)= filwi @),

since n =Y f; and s are always positive. In the above example,

(X -2 =) filw, —7)* =4,

and we could tell from just this that the distribution is positively skewed.

33



linearly transformed random variables Suppose X is a random vari-
able, and a, b are constants. Then

V=a+X

and
W =bX

are random variables with respective skews

skewy = skew,;x = skewx
and

skewy, = skew,y = skew x.

That is, if a certain number a is added to all the numbers in a distribution,
then the skew is unchanged. If all the numbers in a distribution are multiplied
by a certain number b, then the skew is unchanged.

34



example Consider this distribution:
X:1,5,2,1,2,1

It could also be written like this:

321

To calculate the kurtosis of X, we must calculate the mean T and the
standard deviation s first. We calculate

T =2

and

s =2

The kurtosis of s of X is calculated

- (B .

(1—2)4+(5—2)4+(2—2)4+(1—2)4+(2—2)4+(1—2)4)/(\/5)4

1+81+O+1+0+1)/<\/§)4

35



from the list, or

N—— N N N

from the frequency table.
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linearly transformed random variables Suppose X is a random vari-
able, and a, b are constants. Then

V=a+X

and
W =bX

are random variables with respective kurtoses
kurty, = kurt,, x = kurtx
and
kurty, = kurt,xy = kurtx.

That is, if a certain number a is added to all the numbers in a distribution,
then the kurtosis is unchanged. If all the numbers in a distribution are
multiplied by a certain number b, then the kurtosis is unchanged.

37



reason  Since X has mean 7, then X — T has mean 7 — 7 = 0, and
consequently XT’E has mean % = 0. Since X has standard deviation s, then
X — 7 has standard deviation s also, and consequently XS_E has standard
deviation 2 = 1.

38



the usefulness of the Standard Normal distribution If z = :”;—f
then

’

P(X <z)=P(Z < 2).

That is, the proportion of the population with x-scores below a certain value
of X is the same as the proportion of the population with z-scores below the
corresponding value of Z.

The latter can be determined from a table.

If a random variable X is Normal, we can calculate the percentile rank
of a given value x of X by calculating the corresponding value z = % of
Z == 5_5, and determining the percentile rank of that z-score using the table.

On the other hand, if we want to find the pth percentile of a Normal
distribution, we can find the pth percentile z of the Standard Normal dis-
tribution, and find the corresponding value x of X, by solving the equation
z = XT_E for X.

39



proportions for the Standard Normal distribution
table shows, for z > 0 a value of the Standard Normal variable Z, the
proportion

P(Z > z)

The following

of the population having values of Z greater than z. (the area under the
Standard Normal curve to the right of z).

Ares Ares Ares Area Ares Area Arga Area
#z |Beyond #z | #z |Beyond+z | #z |Beyond+z | =z |Beyondz*z | =z |Beyond #z | #7 |Beyond £z | #z |Beyond =z | +z |Beyond 2z
000 05000 | G368 03534 | 072 0.2358 | 1.08 D40 | 144 00749 180 Q0353 [ 216 D.DIS4 | 252 0.0053
001 048960 | 037 03557 | 073 02327 | 109 0373 | 1.43 00735 181 00351 217 00150 | 253 0.0057
00z 04520 | 038 03520 | .74 02236 | 110 D357 | 146 00721 | 1.82 00344 [ 298 0.0146 | 2.54  0.0055
D03 04880 | 039 03482 | 075 02266 | 1.17 01335 | 147 00708 | 1:83 0©QO0336 | 213 00143 | 255 0.0054
0.04  0.4B40 | 040 03446 | 076 0.2238 | 112 D314 | 148 00854 | 1.84 00323 | 220 (uDI3S | 256  Q.0052
005 04801 | 047 03409 | 077 02206 | 1.13 D232 | 142 00681 | 1.83 Q0322 | 221 [UOT3& | 257  0.0051
D08 0476Y | 042 03372 (078 02177 | 1.14  DA271 | 150 OD6EE | 186 00374 222 DOI32 | 258 0.0043
007 04727 | 043 03336 | 079 02148 | 115 D2%1 | 1,51 00655 | 1.87  0.030F [ 223 D025 | 253 0.0048
008 04681 | 044 03300 | 080 021719 | 116 01230 | 1.52 00643 | 1.88  0.0307 ( 2.24  D.0125 | 280 0.0047
003 04641 | 045 03264 | 081 02330 | 117 03210 | 1.53 00630 1:83 Q0234 | 225 Q0122 | 261 0.0045
010 04502 [ 046 03228 | 082 02081 | 1.18 D130 | 1.54 00818 | 1.0 00287 | 226 Q0119 | 282 D.0044
011 04562 | 047 03132 | 083 02033 | 115 D7 1.55 00806 | 7.317 0.0287 | 2227 ODO01ie | 2683 O.0043
D1z 04522 | 048 03756 | .84 02005 | 1.20 D51 | 1.56 00534 | 152 Q0274 | 228 Q0113 | 264  0.004
0.13 04483 | 049 033121 | 0.8 071977 | 121 01931 | 157 0OD582 | 193 00268 | 2.29 D.O110 | 265 00040
014 04443 | 050 03085 | 086 0.1343 | 122 01112 | 1.58 00571 | 194 00262 ( 2.30 0.0107 | 266 0.0033
D15 04404 | O57 03030 | 087 09322 | 1.23 010393 | 1.59 00553 135 Q0256 | 2231 D.O104 | 267  0.0038
D16 04364 | 0532 03015 | 088 0.1824 | 124 DIGT 1.60 0O%48 | 1.36 00250 ) 232 00102 | 2688  Q.0037
017 04325 | 053 02981 | 089 01867 | 1.25 D.1056 | 1.61 00537 | 197 00244 [ 233 00093 | 26% O.0036
018 04286 | 054 02346 | 020 0,184 | 126 DIC3E | 162 00526 | 1.38 Q0233 | 234 00096 | 270 0.0035
013 04247 | 055 02912 [ 091 01814 | 127 0GC20 | 163 00516 1.33 00233 | 2.35 00034 | 271 0.0034
020 04207 | 056 02877 | 032 0Q.7BE | 1.28 0003 | 1.64 00505 | 200 00228 ( 2.36 0.0091 | 272 0.0033
D.21 04168 | 057 02843 (093 0.1762 | 1.23 00985 | 1.65 00435 | 201 ©QO222 | 2.37 00083 | 273 0.0032
D2z 04123 | 0538 02810 | 034 0738 | 1.30 D.O3eE | 1.66 00485 | 202 00277 | 2238 00087 | 274 0.0031
0.23 04090 | 053 02776 [ 035 01711 | .31 D.0951 | 1.6F 00475 | 203 00272 | 239 00084 | 275 0.0030
D24 04052 | 060 02743 | 0.9 0.1885 | 1.32 DO934 | 168 00465 | 204 Q0207 ( 240 00082 | 276 0.0029
025 04013 | OB 02709 | 057 0.1660 | 1.33 00318 | 1.3 00455 | 205 00202 ( 241 0.0080 | 277 0.0028
026 03974 | 062 02676 | 038 0.1635 | 1.34 00301 | 1.70 00448 | 206 00197 | 242 D.0OTVE | 278 Q0027
D27 03936 | 063 02643 | 029  0.1811 | 1.35 00885 | 171 00436 | 207 Q0192 | 243 00075 | 273  0.0026
D.28 03897 | 0.4 02671 | 1.00 01587 | 1.36 DOBE3 | 1,72 00427 | 208 00188 | 244 00073 | 280 ©0.0026
023 03852 | OG5, 02578 | 1.01 01562 | 1.37 00853 | 1,73 00478 | 203 00183 | 245 D.OOVY | 281 O0.0025
D30 03827 | O66 02546 | 1.02 0.1532 | 1.38 DOB38 | 1.74 00409 | 210 Q0179 | 246 00082 | 2.82 0.0024
031 03783 | 067 02514 (103 071515139 00823 175 00401 | 211 00174 247 00068 | 283 00023
032 03745 | 068 02483 | 1.04 0.1432 | 140 O©DOBOB | 176 00392 | 212 00170 248 00066 | 2.84 00023
033 03707 | 069 02451 [ 1.05 0.1469 | 1.41 00O¥33 | 177 00384 | 213 OQO0766 | 249 0.0064 | 2.85 0.0022
034 03663 | O.v0 02420 | 106 0.1446 | 1.42 DOF7E | 178 00375 2.4 OQ0ie2 | 250 Q0062 | 2.86 Q.0021
035 03632 | 07V 02389107 01423 )| 143 0DO7e4 | 172 O0D367 | 215 00158 | 251 00060 | 287 0.0021
note Because of the symmetry of the Standard Normal Distribution, this

is the same as P(Z < —z) (the area under the Standard Normal curve to the
left of —z).
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specific cases of proportion of population
1.  Suppose z; < 0. Then P(Z < z) may be found directly from the table:

>

And P(Z > z1) =1— P(Z < z):

-
-
:

equals minus

2. Suppose zg > 0. Then P(Z > z;) may be found directly from the table:

P

AndP(Z<z2):1—P(Z>z2):

>
%

~ equals minus

3.  Suppose 21 < 29 < 0. Then P(z; < Z < 29) = P(Z < z0) — P(Z < z):

%
;

equals : © minus
4.  Suppose 0 < 21 < z9. Then P(z1 < Z < 29) = P(Z > z1) — P(Z > z):

0“\ equals %ﬂL

5. Finally suppose 23 < 0 < 2.
Then P(z1 < Z < 2z) =1—(P(Z < z1) + P(Z > z)):

,HA, equals A minus ( /A|\ plus

%

minus

5
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specific cases of percentile

1. Suppose 0 < p < 50.

Then the table may be used to find the pth percentile of the Standard Normal
distribution (the value z; < 0 of Z such that P(Z < z;) = p%). Note that
a negative sign will have to be prepended to the value found in the table (in
the “£z” column).

2. Suppose 50 < p < 100.

>

Then the table may be used to find the pth percentile. It is the value z; > 0
of Z such that P(Z < z1) = p%, or, equivalently, P(Z > z;) = (100 — p)%:

SN

Note that the proportion to be looked up in the table (in the “area beyond”
column) is 1 — p.
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example  Suppose X is a Normal random variable with mean 47 and
standard deviation 5. What is the percentile rank of the value X = 557
We first calculate the z-score corresponding to the x-score 55:

X -

8
5
=1.6.

From the table “proportions for the Standard Normal distribution”, we find
that the proportion of the population with z-scores greater than 1.6 is 0.0548,
or 5.48%. It follows that 1 — 0.0548 = 0.9452 of the population — or 100% —

5.48% = 94.52% — has z-scores less than 1.6. So the value X = 55 is the
94.52th percentile.
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example

Suppose X is a Normal random variable with mean 47 and standard
deviation 5. What is the 61st percentile?

We first calculate the 61st percentile of the Standard Normal distribution.
We observe that the z such that 61% of the population has values of Z lower
than z, is the z such that 39% of the population has values of Z greater than
z. From the table “proportions for the Standard Normal distribution”, we
find this value to be approximately Z = 0.28. Now we calculate the x-score
corresponding to this z-score:

X -7
s

X —47
=0.28 = 5

=14 =X —47
=484 =X

7 =

The 61st percentile of X is thus 48.4.
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linearly transformed random variables, etc.
two random variables for the same population Then

COVxy = COVy x.
Now suppose a, b are constants. Then
V=a+X

and
W =bX

are random variables with covariances
COVyyy = COVgixy = COVxYy

COVyyy = COVpxy = b-Ccovxy

with Y.

Suppose X and Y are
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note The covariance measures the degree to which two random variables
“vary together” from their respective means. But this is affected by the de-
gree to which each variable separately varies from its mean; that is, by the
standard deviation of each variable. So we divide by the the standard devi-
ations of the two variables to compensate for this. The resulting quantity,
the “correlation coefficient”, measures the degree to which two random vari-
ables “vary together”, from their respective means, relative to their respective
standard deviations.
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meaning The correlation coefficient measures the extent to which two ran-
dom variables have a linear relationship. The correlation coefficient always
satisfies

—1 <corrxy < 1.

If corrxy = 1, then the random variables X and Y are perfectly correlated.
If corrxy = —1, then X and Y are perfectly anti-correlated. If corryy =0,
then there is no linear relationship between X and Y.
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example
Suppose we have the following bivariate distribution:

X|0[8[4|6]2
YI{2|4]1|/5]3

First, we calculate the means of X and Y

X  0+8+4+6+2 20

T = 4
n 5) 5

Y 244414543 15

y: = :—:3
n ) 5

Next, we calculate the standard deviations of X and Y:

f o [EE =P
_ (0—4)24+(8—4)24+(4—4)24(6—4)2+ (2 —4)?
5
(=47 + (47 + (0P + 2P + (=27

)
16+16+0+4+4 /40
= —_— = 8
5 ) V8

—_ = =

Sy =

(2—-324(4-3)24+(1-3)24+(5—3)2+ (3 —3)?

J :
V

B 5
1+1+4+4 1
:\/++5+ +0:/€0:\/§
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Now, it’s time to start looking at the relationship of the variables to each
other. We calculate the covariance of X and Y:

oy = DX =D =)
:(0—’4)(2—3)—1—(8“— HA4-3)+d—-49)1-3)+(6—-4)(5-3)+(2—-4)(3—-3)
CHEN S @)+ 02 + Q) + (20

:4+4—|—g+4+0 :%5:2.4

Finally, we can calculate the correlation of X and Y':

COVxy

COITxy =
SXSy
2.4
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linearly transformed random variables, etc.
two random variables for the same population Then

COITxy = COITy,x.
Now suppose a, b are constants. Then
V=a+X

and
W =bX

are random variables with correlations
COITy)y = COITq4x)y = COITX y

COITw)y = COITpxy = COITx )y

with Y.

Suppose X and Y are
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correlation coeflficient and z-score Let

X -z
Ix =
Sx
be the z-score for X and let
vV _w
Zy =Y
Sy
be the z-score for Y.
T(X-B (Y -7) s (X=z)(x=z
Since T = ( s ) _ (Xn)( =) = ZfoZY, we may also
write
YA,
COITxy = w .
n

o1



limitations One must be aware of the limitations of what one can conclude
from the correlation coefficient.

linearity = The correlation coefficient reflects only the linear relationship
between two random variables. In other words, it only measures the extent
to which a straight line fits the scatterplot of two variables. The assumption
that the two random variables have a linear relationship is required to justify
the use of the correlation coefficient as a measure of their relationship.

outliers  Outliers can have a strong effect on the correlation coefficient,
and may result in misleading conclusions about the relationship between two
random variables.

correlation and causation Just because there is a high correlation be-
tween two measurable phenomena, does not mean that one causes the other.

reliability and validity Reliability is the extent to which a test produces
consistent results. It is measured by the correlation between the results ob-
tained from two different applications of the same test to the same popula-
tion. The closer the correlation to 1, the greater the evidence of reliability.

Validity, on the other hand, is the extent to which a test measures what
it purports to measure. It is measured by the correlation between the results
obtained, and the results obtained from an accepted test applied to the same
population. The closer the correlation to 1, the greater the evidence of
validity.
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calculation  This provides justification for the formula for the regression
line, but does not need to be memorized. We have

DY) =) (mX +0)-Y)

The expression to be minimized is a quadratic expression in the variable b.
The graph of ¢ = > ((mX +b) —Y)? on the (b, ¢)-plane is a parabola opening
upward. The minimum value of >_((mX + b) — Y)? occurs at the vertex of
the parabola, at which b = 3 — mz. This means that b should be chosen to
be ¥ — mx, once m is chosen.

Because of this, the sum of squares to be minimized is actually

Y -Y)P=) (mX+0b)-Y)
=> (m(X —7)— (Y —7))°

=n(varxym? — 2covxym + vary ).

This last expression is quadratic in the variable m. The graph of ¢ =
n(varxm? — 2covxym + vary) on the (m,q)-plane is a parabola opening
upward. The minimum value of n(varym? — 2covxym + vary) occurs at the
vertex of the parabola, at which

. COVxy B COVxy . COVxy Sy Sy

m = = 5 = c— = CO0ITxy —-
var x Sx SxSy Sx Sx

This proves that the sum of the squares Y (Y’ — Y)? is minimized when
Y =mX +b
=mX + (y — mx)
=m(X —7)+7

= <coer7y8—Y> (X —T)+7,
SXx

or equivalently
Y, — y = (COI‘I‘X7YS—Y> (X — E)

SXx
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example
Suppose we have the following bivariate distribution:

X|0[8[4|6]2
Y 411153

\)

First, we calculate the means and standard deviations of X and Y:
=4, y=3

Next, we calculate the correlation of X and Y':
corryy = 0.6

We can now find the equation of the regresion line of Y on X:

— Sy —
y—7y=corrxy—(r —T)
SX

_ 0.6V, _
:>y—3—(0.6)(\/§)(x 4)
=y —3=(1.2)(z —4)
—y—3=12zr—48

=y =122—18

o4



note  Our goal is to reject the null hypothesis Hyg. Note that if we cannot
marshall enough evidence to reject the null hypothesis Hy, that does not
mean that we accept Hg, only that we fail to reject Hy.
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note  The average value of the sample mean is the mean of the whole
population. In other words, the mean of X is 7.
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note The variance of the sample mean is given by
vary = vary /n.
The standard deviation of the sample mean is given by
sx = s/Vn,

where s is the standard deviation of X.

o7



Central Limit Theorem No matter what the distribution of X for the
population, the distribution of sample means X becomes, as n increases,
more and more like a Normal distribution.

Here we will assume, because of the Central Limit Theorem, that X is
Normal.
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example (“left-tailed” test) Suppose a company claims that its light
bulbs last an average of 1000 hours. By some means we know that the
standard deviation of the lives of the bulbs is 200 hours. (This is in fact a bit
unrealistic; we will repeat the example later, without this assumption.) We
buy 4 light bulbs; they last 850 hours, 900 hours, 650 hours, and 800 hours.
We suspect that the company’s claim about the mean life of their bulbs is
untrue, and want to test it at the 5% significance level. We choose this claim
as Hp, the null hypothesis:

Ho: T =7y = 1000
We suspect that the mean life of the bulbs is in fact less than 1000 hours:
T < To = 1000

What we’d really like to do is find evidence that Hy is false; and if we do,
we’ll conclude that 7 < 7Ty = 1000. This is called a “left-tailed” test. But
to find the evidence, we’ll start by assuming that Hy is true, and see what
happens.

Assume that T = T, = 1000. The value of X for our sample is

7_ZX_850—1—900—1—650—1—800

= 800.
n 4
Calculate the z-score of this value of X:
X -7 —1 -2
o To 800 000 00 _ o

s/vn — 200/v/4 100

Now we use a table to find the probability that we would pick a random
sample with an z-score at least as low as —2 (or lower). We find

P(Zx < —2) ~ 0.0228.

What does this mean? It means that if the company’s claim (Hy) were
true, there would be a probability of only 0.0228 that we would obtain a
random sample with a sample mean as low as 800. Since we in fact did obtain
such a sample, this casts serious doubt on the company’s claim. Precisely,
we say that we reject Hy at the 5% significance level. That is, we reject Hg

59



with 95% confidence. Put another way, we can say that we have (at least)
95% confidence that the mean life of the company’s light bulbs is in fact less
than 1000 hours.

note In the above example, we reject Hy with 95% confidence — that is, at
the 5% significance level. We would also reject Hy at the 2.5% significance
level — but not at the 1% significance level. That is, we could assert that
T < 1000 with 97.5% confidence, but not with 99% confidence.
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example (“right-tailed” test) Suppose a company claims that its low-
calorie cookies contain 100 calories each. By some means we know that the
standard deviation of the energy per cookie is 10. (As before, this is in fact
a bit unrealistic; we will repeat the example later, without this assumption.)
We buy 4 low-calorie cookies and measure their energy content; they contain
120 calories, 95 calories, 115 calories, and 110 calories. We suspect that the
company’s cookies contain an average of more than 100 calories each, and
want to test this at the 5% significance level. We choose

H(]I f:%:lOO

If we reject this hypothesis, we will conclude that the mean number of calories
per cookie is in fact more than 100 calories:

This is called a right-tailed test. o
Assume Hg — that T = Ty = 100. The value of X for our sample is

— X 120495+ 115+ 110

X = 110.
n 4

Calculate the z-score of this value of X = 110:

27_7—50_110—100_10
os/ym10/V4 5

Then
P(2 < Zv) =~ 0.0228

(from a table).
So, as before, we reject Hy at the 5% significance level. That is, we can
conclude that 7 > 100 is true with 95% confidence.
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“one-tailed”, “two-tailed” In the above two examples, our conclusion,
upon rejecting Hy, was that the (population) mean T was less than a certain
value (T < Tp = 1000), or a statement that the (population) mean was
greater than a certain value (T > Ty = 100). The hypothesis test is said to
be “one-tailed” in such a case.

Sometimes, however, it is not that we want to show that 7 is larger than
a specific value, or smaller than a specific value, but merely unequal to a
specific value (that is, larger or smaller). In the above two examples, it was
only one inequality that we were concerned about. We don’t care if the light
bulbs last longer than advertised; we are only concerned if they last less time
than advertised. We don’t care if the low-calorie cookies have even fewer
calories than advertised; we are only concerned if they have more calories
than advertised. But there are situations where we would be concerned with
T being higher or lower than a particular value. In this case our hypothesis
test will be “two-tailed”: upon rejecting Hy we will conclude simply that 7 is
unequal to a particular value. Here we will consider the probability that the
z-score of the sample mean X is greater than 0 by at least certain amount
or less than 0 by at that same amount.

62



example (two-tailed test) Suppose an exercise equipment company
makes 10-kilogram barbell plates. By some means we know that the standard
deviation of the weight of the plates is 0.1kg. (As before, this is in fact a bit
unrealistic; we will repeat the example later, without this assumption.) (Im-
plicit is their claim that the plates weigh an average of 10 kilos.) We inspect
4 plates, and find their weights to be 9.9kg, 10.0kg, 9.8kg, and 9.9kg. We
suspect that the company’s “10kg” barbell plates do not weigh an average
of 10kg, and want to test this at the 5% significance level. This time, we are
concerned that the claimed weights are not accurate; we would be care both
if the mean weight were higher than 10kg, and if the mean weight were lower
than 10kg. We choose
Hy: 7=7%,=10

Our conclusion upon rejecting the null hypothesis will be that the mean
weight is not equal to 10kg. (that is, more than 10kg or less than 10kg.):

T £ T = 10.

(This is a two-tailed hypothesis test.) B
Assume Hy — that T = 10. The value of X for our sample is

— X 99+100+98+99

X 9.
- 1 9.9

This value differs from the assumed mean by 0.1. Calculate the z-score of
this value of X =9.9:

g X =T _99-10_ 01 _
s/v/n  0.1/y/4  0.05

We have

~0.0228 4 0.0228 (from a table)
=0.0456.

We therefore reject Hg at the 5% significance level. That is, we conclude
that T # 10 with 95% confidence.
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note In the above example, we reject Hy with 95% confidence — that is,
at the 5% significance level. We would also reject Hg at the 10% significance
level — but not at the 2% significance level. That is, we could assert T # 10
with 90% confidence, but not with 98% confidence.
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critical values for the Standard Normal distribution Notice that in
using the z-score table in the above examples, we are really only checking, for
our sample’s value z of Z, whether or not P(Z > |z|) < « (for a one-tailed
alternative hypothesis) or whether or not 2P(Z > |z]) < « (for a two-tailed
alternative hypothesis). (Here « is the significance level.) We can construct
a more concise table containing just such information. The value zy given in
the table is the critical value.

level of significance « of one-tailed test
0.10 | 0.05 | 0.025 | 0.01 | 0.005 | 0.0005

level of significance « of two-tailed test
0.20 | 0.10 | 0.05 | 0.02 | 0.01 | 0.001

7 | 1.282 | 1.645 | 1.960 | 2.326 | 2.576 | 3.291 |

If, for our sample, | Z| is greater than this value, we reject the null hypothesis
with confidence 1 — a.
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“sample variance” The “sample variance” of X is

o LX-X¢

- n—1

question Why does the formula for sample variance use n — 1 in place of
the n in the formula for population variance?

answer The average value of the sample variance (a random variable) is
the variance of the whole population. In other words, the mean of Z(%_X)Q

1
(where n is the size of the sample) is s2.

proof  This is for reference only and does not need to be memorized. First
note that the average value of X —x for the whole population is 0, while the
average value of (X —7)? for the whole population is s?. Let X, ..., X, be
independent random variables distributed identically to X. These represent
the values of X for a sample of size n. Then X = Zn:TlX is the sample mean.
Note that the average value of (X; —Z)(X,; — ) for the whole population is
0if i # j and s? if i = j. The random variable

Z?:l (Xi - Y)2

S? =
n—1
n X\ )\ 2
:Zz‘:1 (X; — (FttXe))
n—1
= N\ 2

Z:-L:l ((XZ — f) _ <(X1—x)+~7~1~+(xn_x)>>
N n—1

2im ((XZ —7)* - 2(X; - 7) <(X1_§)+'7'1'+(Xn—f)> n ((Xl—x)+-;l~+(xn—x)>2)

n—1

has average value

Sy (88 =282+ 5(ns?))  n(s? =287+ 5(ns?))

n—1 - n—1 -
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critical values for the Student distribution As with the situation
when s is known, we are really only checking, for our sample’s value ¢ of T,
whether or not P(T > |t|) < a (for a one-tailed test) or whether or not
2P(T > |t|) < «a (for a two-tailed test). (Here « is the significance level.)
As we did for z-scores, we can construct a table for hypothesis testing with
t-scores, (to be used when the population standard deviation s is unknown).
The entries in the main part of the table are the critical values of the Student
distribution with df = n — 1 degrees of freedom. That is, they are the values
of to such that P(T > ty) = a (for a one-tailed test) or 2P(T > ty) = « (for
a two-tailed test).

Level of Sigmificance for Onme-Tajled Test Leval of Significance for One-Talled Test Leve! of Significarce for One-Tailed Test
005 0025 0,01 0005 0.0005 0.05 0025 ©.01 0.005 0.0005 0.05 0.035 001 0.005 0.0005
Lewval of Significance for Two-Talled Test Level af Significance for Two-Talied Test Level of Significence for Two-Tailled Test
[@f JToio oos o0z o001 0001 [@f Joao o5 ooe ool oool [a¢ T o1 o005 o2 00 000
1 | 631 [ 12.71] 31.82 | 63,66 |636.58 32 .69 | 204 | 245 | 274 | 3.62 63 167 | 200 | 2,39 | 266 | 345
2 | 282 | 430 | 696 | 592 | 31.60 33 [ 169 | 203 | 244 | 273 | 3.61 B L7 | 200 | .39 | 265 | 345
3 | 235 | 3.18 | 454 | 584 | 12,92 34 LE9 | 2,03 | 2.44 | 2,73 | 3.80 85 1.67 | 2,00 | 2,39 | 2.85 | 345
4 | 214 2718 | 3.75 | 4.60 | 861 35 [ 169 | 203 | 244 | 272 | 3.58 B8 L7 | 200 | 138 | 265 | 344
5 | 202 | 257 | 3.36 | 4.03 | 6.87 36 166 | 203 | 243 | 272 | 3.58 &7 167 | 200 | 2,35 | 265 | 344
6 | 184 | 245 | 304 | 371 | 556 37 | Le9 | 203 | 243 | 272 | 3.57 68 L67 | 200 | 2,38 | 2.85 | 344
7] 188 | 236 | 3.00 [ 350 | 5.41 38 1.65 | 2,02 | 243 | 271 | 357 o] 167 | 199 | 2,38 | 265 | 3.44
8 | 1.86 31 | 290 | 3.36 | 5.04 39 | n68 | 202 | 243 | 271 | 3.58 0 167 | 199 | 2,38 | 285 | 343
5 [ 183 | 236 | 282 | 3.35 | 4.78 40 | 188 | 2,03 | 242 | 2,70 | 3.55 71 167 | 19% | 2,38 | 265 | 343
10 | 181 | 223 | 276 | 317 | 459 41 | 168 | 202 | 242 | 270 | 354 72 167 | 199 | 2.38 | 285 | 343
11 | 180 | 220 | 272 | 311 | 4.44 42 | LB8 | 2.02 | 2.42 | 270 | 3.54 73 167 | 199 | 2.38 | 264 | 343
12 | 178 | 218 | 268 | 3.05 | 4.32 43 | 168 | 202 | 242 | 270 | 353 74 167 | 199 | 238 | 264 | 343
13 | 177 | 216 | 265 | 3401 | 4.2 44 LEB | 2,02 | 241 | 269 | 3,53 75 167 | 199 | 2.38 | 264 | 342
14 | L6 | 14 ] 262 | LO9B | 4.14 45 168 | 200 | 241 [ 269 | 3.52 76 L67 | 199 | 238 | 264 | 342
15 | 175 | 213 | 2,60 | 295 | 4.07 46 | 1.68 | 2,01 | 2.41 | 2659 | 3.51 i 166 | 199 | .38 | 264 | 342
16 | 175 | 212 | 258 | 292 | 4.01 47 LEE | 201 | 241 | 268 | 3.51 78 166 | 199 | 238 | 264 | 342
17 | L | 211 | 257 | 290 | 397 48 | 168 | 200 | 241 | 268 | 3.50 ™ 166 | 99 | 237 | 264 | 342
18 | 1.73 | 210 | 255 | 2.88 | 3.92 43 | 168 | 2.00 | 240 | 268 | 3.50 80 166 | 199 | 2,37 | 2864 | 342
19 | 1.3 | 208 | 2.54 | 186 | 3.88 50 | 68| 201 | 240 | 2,68 | 3.50 81 L65 | 1.99 | 2.37 | 264 | 341
20| 172 | 208 | 253 | 285 | 3.85 51 168 | 2,01 | 240 | 2,58 | 349 82 1.66 | 199 | 2,37 | 284 | 341
21 | 1,72 | 208 | 262 | X883 | 3.82 52 | 187 | 201 | 2.40 | 267 | 3.49 83 166 | 199 | 237 | 264 | 341
22 1.72 | 207 | 251 | 282 | 3.7 53 LEF | 201 | 240 | 267 | 348 a4 166 1.9% 2.37 264 341
23 | 171 | 207 | 250 | xa1 | 3.77 54 | 187 | 200 | 240 | 267 | 348 85 166 | 199 | 2.37 | 263 | 341
24 | 1M | 208 | 249 | 280 | 3.75 55 | L&7 | 200 | 2.40 | 287 | 3.48
25 | 1n | 206 | 249 | 279 | 3.73 56 [ 167 | 200 | 2.39 | 2.67 | 3.47 50 166 | 199 | 237 | 263 | 340
26 | 171 | LoB | 248 | 278 | 371 57 | L&7 | 200 | 2.35 | 268 | 3.47 100 [ 166 | 198 | 236 | 263 | 339
27 | 170 | 2.05 | 247 | 277 | 3.89 58 L& | 200 | 2.39 | 2.66 | 3.47 120 { 166 | 198 | 236 | 262 | 337
28 | L.70 | 205 | 247 | 176 | 3.67 59 | 167 | 2,00 | 2.39 | 266 | 3.46 140 | 166 | 1.98 | 235 | 2.61 | 336
29 | 170 | 205 | 246 | L7 | 366 60 LE7 | 2,00 | 239 | 266 | 3.48 160 | 1.65 | 197 | 235 | 261 | 335
30 | L.70 | 204 | 246 | 175 | 3.65 61 [ 167 | 2,00 | 239 | 266 | 3.6 200 [ 185 | 197 | 235 | 260 | 3.34
31 | 170 | 204 | 245 | 274 | 363 62 | 1,67 | 200 | 2.39 | 266 | 3.45 220 | 165 | 197 | 2.3 | 26D | 334

If, for our sample, |T'| is greater than this value, we reject the null hypothesis
with confidence 1 — a.
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example (left-tailed test) Suppose a company claims that its light bulbs
last an average of 1000 hours. (Realistically) we do not know what the
standard deviation of the lives of the bulbs is. We buy 4 light bulbs; they
last 850 hours, 900 hours, 650 hours, and 800 hours. We suspect that the
company’s claim about the mean life of their bulbs is untrue, and want to
test it at the 5% significance level. We choose this claim as Hy, the null
hypothesis:
Hy: 7=, = 1000
If we reject this hypothesis, we will that the mean life of the bulbs is in fact
less than 1000 hours:
T < To = 1000

What we’d really like to do is find evidence that Hy is false; and if we do,
we’'ll conclude that * < Ty = 1000. But to find this evidence, we’ll start by

assuming that Hg is true, use a left-tailed test, and see what happens.
Assume that T = 7Ty = 1000. The value of X for our sample is

— 32X 8504900 + 650 + 800

X = 800.
n 4
The value of Sx for our sample is
DX —X)?
Sx =\| =——F
n—1
\/(850 — 800)2 + (900 — 800)2 4 (650 — 800)2 + (800 — 800)?
B 4-1
~234.52.
Calculate the t-score of this sample:
X -7 —1
T To 800 —1000 1706,

T Sx/vn 23452\

We look up the critical value of T" for the Student distribution with d =
n—1=4—1= 3 degrees of freedom. We find a critical value of —2.35, so
that we cannot reject the null hypothesis at the 5% level of significance (i.e.
with 95% confidence).
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example (right-tailed test) Suppose a company claims that its low-
calorie cookies contain 100 calories each. We buy 4 low-calorie cookies and
measure their energy content; they contain 120 calories, 95 calories, 115
calories, and 110 calories. We suspect that the company’s cookies contain
an average of more than 100 calories each, and want to test this at the 5%
significance level. We choose

Hy: 7 =7y =100.

If we reject this hypothesis, we will conclude that the mean number of calories
per cookie is in fact more than 100 calories:

T >z = 100

We do not know the standard deviation of the whole population of cookies,
so we will use t-scores, and a right-tailed test. o
Assume Hg — that T = 7o = 100. The value of X for our sample is

— X 120+ 95+ 115+ 110

X = 110.
n 4
The value of Sx for our sample is
S(X - X)?
Sx =\| =——F—
n—1
_\/(120 — 110)2 + (95 — 110)% + (115 — 110)% + (110 — 110)?
B 4—1
~10.80.

Calculate the t-score of this sample:

X -7 110100
Sx/v/n  10.80/v4

We consult the table of critical t-scores. We would reject Hy at the
10% significance level, but not at the 5% significance level. That is, we can
conclude that T > 100 with 90% confidence, but not with 95% confidence.

T ~ 1.852.
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example (two-tailed test) Suppose an exercise equipment company
makes 10-kilogram barbell plates. (Implicit is their claim that the plates
weigh an average of 10 kilos.) We inspect 4 plates, and find their weights to
be 9.9kg, 10.0kg, 9.8kg, and 9.9kg. We suspect that the company’s “10kg”
barbell plates do not weigh an average of 10kg, and want to test this at the
10% significance level. This time, we are concerned that the claimed weights
are not accurate; we would care both if the mean weight were higher than
10kg, and if the mean weight were lower than 10kg. We choose

HOZ E:T()zl()

If this hypothesis were rejected, we would conclude that the mean weight is
not equal to 10kg (that is, more than 10kg or less than 10kg):

T 4Ty =10

(This is a two-tailed hypothesis test.) B
Assume Hg — that T = Ty = 10. The value of X for our sample is

— X 99+100+98+99

X 9.
- 1 9.9

Since we do not know the standard deviation of the whole population of
barbell plates, we will use the sample standard deviation, and the Student
distribution with d = n — 1 = 3 degrees of freedom. The value of Sx for our
sample is

g[S =X

n—1
_\/(9.9 —9.9)2 4 (10.0 — 9.9)2 + (9.8 — 9.9)2 + (9.9 — 9.9)2
n 4-—1
~(0.0816.

Calculate the t-score of this sample:

p_X=T _ 99-10 .
Sx/v/n  0.0816/v/4
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We consult the table of critical t-values. Finding critical values of —2.35
and 2.35, we reject Hy at the 10% significance level. That is, we can conclude
that T # 10 with 90% confidence.

note We cannot reject Hy at the 5% significance level. That is, we cannot
conclude that T # 10 is true with 95% confidence.
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t-scores vs. z-scores T-scores allow us to reject null hypotheses with
less confidence than the same numbers as z-scores would. This makes sense,
since we use the t-scores when we have less information; that is, when we do
not know the standard deviation of X for the whole population. And this
the case in most real-life situations, since if we do not know the mean of X
for the whole population, it is unlikely that we know the standard deviation
of X for the whole population.
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abstract summary of hypothesis testing

e X is a random variable for a large population; its mean is Ty and its
standard deviation is s.

e X is the sample mean for samples of size n from the population; it is
Normal; its mean is To and its standard deviation is s//n.

S is the sample standard deviation; its mean is s.

7 is the z-score of X it is Standard Normal.

T is the t-score of X; it is Student.

We reject Hy at significance level « if the following occurs: the proba-
bility of getting a value of the test statistic (Z or T') at least as extreme
as the one we obtained from the sample, is less than a.
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procedural summary of hypothesis testing

X is a random variable for a large population; we do not know its mean.
There is a claim Hy saying that the mean 7 is a certain number 7.
We take a sample of size n of the population.

The sample mean X differs from Zy; we suspect Hy is false, and decide
whether to use a left-tailed, right-tailed, or two-tailed test.

We assume that Hy is true — that 7 = 7.

If we do not know the population standard deviation s, we calculate
the sample standard deviation S. (If we know s, this is unnecessary.)

We calculate the test statistic for our sample — Z if s is known, and T’
if s is unknown.

Find the critical value of the test statistic from the appropriate table.
Put a negative sign on the number from the table for a left-tailed test,
use the positive number for a right-tailed test, and use both positive
and negative numbers for a two-tailed test.

If our value of the test statistic is more extreme than the critical value
(i.e. higher for a positive number, or lower for a negative number) then
we reject Hyg. Otherwise, we fail to reject Hy.

74



(©2008 Jason Colwell. All rights reserved.

75



